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1.  Introduction 


1.1  Background 

Consider  the  multiuser  communication  problem:  several  users  share  a  common  channel  to 
transmit  information.  The  design  problem  is  how  to  allocate  usage  of  the  multiple  access  channel 
to  the  different  users,  in  order  to  maximize  the  information  flow  over  the  channel,  while  keeping  the 
bit  error  probability  under  a  given  level.  This  problem  is  of  great  interest,  since  it  is  representative 
of  a  wide  variety  of  data  communication  systems  where  there  is  more  than  one  source  (and  any 
number  of  destinations);  e.g.  computer  networks,  satellite  broadcast  channels  and  radio  networks. 
Various  approaches  to  this  problem  are  taken  in  practice.  These  can  be  divided  into  three  broad 
subclasses. 

The  first  class  of  approaches  divides  the  channel  among  the  users,  such  that  the  multiple- 
access  capability  relies  on  the  orthogonality  between  the  assigned  signals.  Different  kinds  of  or¬ 
thogonality  are  exploited  in  different  systems,  e.g.  time-orthogonality  in  Time-Division  Multiple- 
Access  (each  user  is  allocated  a  time  slot  in  which  he  alone  can  transmit  data,  utilizing  the  full 
channel),  frequency-orthogonality  in  Frequency-Division  Multiple-Access  (each  user  transmits  on 
a  different  frequency  band),  code-orthogonality,  if  the  transmissions  are  synchronous,  polarization- 
orthogonality  or  direction-orthogonality.  Existing  channel  allocation  strategies  are  both  static,  or, 
to  avoid  unused  capacity  allocation,  dynamic,  according  to  the  need  of  each  user.  Dynamic  chan¬ 
nel  allocation  strategies  are  either  centralized,  where  a  central  controller  uses  polling  or  probing 
strategies  to  determine  which  users  have  information  to  send,  or  decentralized,  as  in  token  rings  or 
the  Ethernet. 

The  second  class  of  approaches  allows  random  channel  access.  The  first  random  access  system 
of  this  kind  was  the  4loha  system,  where  the  innovative  idea  was  to  allow  each  user  to  become 
active  whenever  he  has  anything  to  send.  The  general  feature  of  this  class  of  channels  is  that  the 
received  waveform  can  only  be  demodulated  if  it  consists  of  one  signal  at  a  time,  which  means 
that  all  simultaneous  transmissions  are  lost.  A  great  deal  of  effort  has  gone  into  designing  various 
random  access  protocols  which  schedule  access  to  the  common  channel  such  that  the  probability  of 
a  simultaneous  transmission,  called  a  “collision”,  is  as  low  as  possible  while  satisfying  constraints 
on  the  waiting  time  distribution.  When  a  collision  occurs,  it  is  handled  by  a  collision  resolution 
algorithm,  whose  task  is  to  reschedule  transmission  of  the  collided  packets  at  times  which  will  be 
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nonoverlapping  with  high  probability.  Beyond  a  certain  range  of  channel  utilization  a  common 
problem  of  random  access  algorithms  is  the  problem  of  stability.  Much  research  has  been  done 
recently  to  find  collision  resolution  algorithms  which  maximize  throughput.  Current  research  fo¬ 
cuses  on  the  issues  of  capture,  which  models  the  case  when  part  of  the  transmissions  involved  in  a 
collision  can  be  recovered  (for  example  the  ones  with  higher  transmission  power),  and  decentralized 
transmission  rate  control  to  ensure  stability. 

The  third  approach,  the  simultaneous  transmission  philosophy  or  Code-Division  Multiple- 
Access  (CDMA),  allows  simultaneous,  asynchronous  access  to  the  common  channel,  without  the 
penalizing  feature  of  collisions.  Here  each  user  is  assigned  a  fixed,  distinct  signature  waveform, 
which  he  uses  to  modulate  his  digital  information  sequence,  as  if  he  were  the  only  user  of  the 
channel.  The  input  to  the  receiver  consists  of  the  superposition  of  the  transmitted  waveforms, 
perturbed  by  additive  noise.  The  task  of  the  receiver  is  to  demodulate  all  transmitted  sequences, 
or  a  proper  subset  of  these. 

The  fact  that  each  user  is  assigned  a  characteristic  modulating  waveform  enables  the  destination 
to  demodulate  his  information  by  correlating  the  incoming  signal  with  a  coherent  replica  of  the 
desired  user’s  signature  waveform.  If,  aside  from  comparison  to  a  set  of  thresholds,  no  further 
processing  is  done  after  this  correlation,  the  resulting  receiver  is  known  as  the  conventional/single- 
user  receiver.  This  receiver  is  widely  used  in  practice  due  to  its  simplicity  and  to  the  fact  that  it  is 
the  receiver  which  minimizes  the  probability  of  error  for  reception  of  a  single-user  signal  on  a  white 
Gaussian  noise  channel.  Due  to  a  spurious  component  of  each  non-orthogonal  interfering  waveform 
in  the  correlator  output  of  the  desired  user,  the  performance  of  the  conventional  receiver  is  adequate 
only  as  long  as  the  energies  of  the  interfering  users  are  under  a  certain  level  amd  the  crosscorrelations 
between  the  signals  are  low  enough.  What  “low  enough”  is,  depends  on  the  number  of  users  and 
on  the  operational  energy  range.  In  practice,  low  crosscorrelations  are  obtained  by  assigning  the 
users  Spread-Spectrum  pseudo-noise  sequences  with  long  constraint  lengths.  Much  research  has 
been  done  on  how  to  design  sequences  w  hich  have  good  auto-  and  crosscorrelation  properties  for  all 
relative  shifts  (e.g.  [Sar  80]).  Examples  of  these  are  maximal  length  shift-register  sequences.  Gold 
sequences  and  Kasami  sequences. 

However,  no  matter  how  well  the  sequences  are  designed,  if  one  or  more  of  the  interferers  is 
sufficiently  strong,  for  example  due  to  much  closer  proximity  to  the  destination,  the  probability  of 
error  of  the  conventional  receiver  is  bounded  away  from  zero  even  in  the  absence  of  background  noise. 
This  problem  is  of  great  importance  in  piactice  due  to  its  ubiquity  in  communication  systems  with 


time- varying  or  very  dissimilar  topologies,  and  is  known  in  the  literature  as  the  near-far  problem 
([Scho  77], [Pic  82]).  At  present  it  is  the  main  shortcoming  of  Multiple- Access  systems  using  Direct- 
Sequence  Spread-Spectrum  (DS-SS),  which  is  one  of  the  two  main  spectrum  spreading  techniques 
used  in  practice.  (The  other  being  Frequency-Hopping).  DS-SS  is  often  used  in  applications  which 
require  anti-jamming  capability  and  immunity  from  hostile  sources.  One  attempt  to  combat  this 
problem  without  changing  the  receiver  structure  has  been  to  control  the  power  of  the  transmitting 
stations  such  that  the  received  ener^es  are  sinailar.  For  example  in  [Ska  82]  each  transmitter 
estimates  what  power  its  signal  has  at  the  destination  by  estimating  the  arriving  power  of  the 
return  signal  from  the  destination,  whose  power  it  knows.  The  disadvantage  of  this  approach  is 
both  increased  transmitter  complexity,  which  may  be  undesirable,  and  the  fact  that  the  strong 
users  have  to  put  up  with  reduced  performance  for  the  benefit  of  the  weak  ones.  Furthermore,  the 
anti-jamming  capability  of  the  system  is  decreased. 

However  the  near-far  problem  is  not  an  inherent  problem  of  DS-SS  systems.  If  the  receiver 
has  knowledge  of  the  interfering  waveforms,  the  performance  of  CDMA  systems  can  be  greatly 
improved.  Then  each  destination  has  a  correlator  and  sampler  for  the  signature  waveform  of  each 
user,  thus  obtaining  a  discrete  sequence  which  can  be  shown  to  be  a  sufficient  statistic.  Verdu 
[Ver  84c]  found  and  analyzed  the  maximum-likelihood  multiuser  receiver  for  CDMA  systems  and 
in  particular  showed  that  the  optimum  receiver  is  not  near-far  limited.  The  optimum  multiuser 
receiver  follows  the  correlating  front  end  by  a  Viterbi  algorithm. 

1.2  Previous  work 

Comparatively  little  work  had  been  done  previously  on  the  demodulation/detection  aspects 
of  the  multiuser  channel.  After  Viterbi  published  his  well-known  maximum-likelihood  decoding 
algorithm,  which  he  had  devised  for  the  decoding  of  convolutional  codes,  various  researchers  in  the 
field  identified  its  relevance  to  related  problems,  e.g.  [Kob  71]  to  correlative  level  coding,  [For  72] 
to  the  intersymbol  interference  channel  and  [Ett  76]  to  M-input  A/-output  dispersive  channels  with 
synchronous  inputs,  an  environment  which  is  related  to  the  multiuser  channel  we  are  considering, 
due  to  the  fact  that  the  intersymbol  interference  introduces  memory.  The  latter  is  one  of  a  number  of 
works  on  combatting  crosstalk  in  multi-input  multi-output  dispersive  communication  systems  using 
pulse-amplitude  modulation,  most  of  them  concerned  with  the  structure  of  optimum  linear  receivers 
under  various  criteria,  including  the  work  of  [Shn  67]  who  finds  the  optimum  linear  receiver  under 
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a  zero-forcing  constraint,  [Ett  75]  who  finds  that  the  optimum  linear  filter  under  the  minimum- 
probability-of-error  criterion  has  the  structure  of  a  matched  filter  front  end  followed  by  a  tap  delay 
line,  and  of  [Kay  70]  who  generalize  the  previous  to  /-input  M-output  diversity  systems  under  a 
mean-squared  error  criterion.  The  models  of  these  works  are  very  general  and  they  recognize  the 
fact,  first  noted  by  [Shn  67],  that  intersymbol  interference  and  “crosstalk”  (synchronous  multiuser 
interference)  can  be  treated  in  a  unified  framework.  (We  now  know  that  intersymbol  interference 
can  be  viewed  as  additional  multiuser  interference  by  increasing  the  dimensionality  of  the  user 
population,  and  conversely  multiuser  interference  can  either  be  viewed  as  periodically  time- varying 
scalar  intersymbol  interference,  or,  if  synchronization  and  matched  filtering  capabilities  are  assumed 
at  the  receiver  in  order  to  obtain  a  discrete-input  discrete-output  equivalent  channel,  as  a  vector 
generalization  of  intersymbol  interference.)  However,  due  to  the  generality  of  their  model,  the 
above  works  contain  few  specific  results  and  in  particular  contain  very  little  performance  analysis. 
Earlier  work  on  the  multiuser  channel  of  which  we  are  aware  considered  multiuser  receivers  for  the 
synchronous  channel,  specifically  the  receivers  of  [Hor  75]  and  [Sch  79],  [Sch  80].  In  [Sch  79]  it  is 
claimed  erroneously  (cf.  [Ver  86b])  that  a  memoryless  linear  transformation  on  the  matched  filter 
front  end  is  optimum  in  terms  of  bit  error  probability.  Though  this  is  not  the  case,  the  proposed 
receiver  emerges  as  the  solution  in  the  synchronous  case  to  the  problem  of  finding  a  linear  receiver 
which  has  desirable  near- far  performance,  which  is  part  of  this  work.  In  a  short  discussion  of 
the  asynchronous  channel  [Sch  79]  also  suggests  that  the  Viterbi  algorithm  will  provide  a  suitable 
solution.  His  intuition  was  correct  as  proved  in  [Ver  84c].  The  performance  of  the  conventional 
receiver  under  conditions  of  multiuser  interference  has  been  amply  investigated  in  [Pur  81],  [Pur 
82],  [Ger  82].  In  part  the  relatively  small  amount  of  work  on  the  multiuser  channel  prior  to  [Ver 
84c]  (which  was  in  turn  motivated  by  [Poor  80])  is  due  to  the  widespread  previous  belief  that  a 
more  complex  receiver  than  the  conventional  one  would  not  yield  a  worthwhile  performance  gain 
([Pur  81],  p.  153).  This  belief  was  proved  wrong  in  [Ver  84c],  which  triggered  a  new  research  effort 
in  the  multiuser  communications  area. 
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1.3  Motivation 


The  main  reason  for  the  quest  for  new  receivers,  now  that  the  minimum  probability  of  error 
and  the  maximum  likelihood  receivers  for  the  asynchronous  CDMA  channel  are  known,  is  the 
exponential  computational  complexity  in  the  number  of  users  of  these  decision  algorithms. 

The  computational  complexity  of  the  various  decision  algorithms  can  be  measured  and  com¬ 
pared  by  their  time  complexity  per  binary  decision,  TCB,  i.e.,  the  limit  as  the  length  of  the 
transmitted  sequence  tends  to  infinity  of  the  time  required  by  the  decision  algorithm  to  select  the 
optimum  sequence  divided  by  the  number  of  transmitted  bits. 

While  the  TCB  of  the  conventional  single-user  detector  is  constant  in  the  number  of  users, 
its  bit-error  rate  is  bounded  away  from  zero  for  sufficiently  high  energy  of  any  interfering  non- 
orthogonal  user,  that  is,  the  conventional  systems  can  become  multiple-access  limited  even  in  the 
absence  of  additive  noise.  On  the  other  hand  any  prespecified  error  probability  was  shown  [Ver 
84c]  to  be  achievable  using  the  optimum  detector.  Unfortunately  it  is  also  shown  that  the  decision 
algorithm  for  the  optimum  multiuser  detection  problem  is  NP-hard  in  the  number  of  users,  i.e. 
has  a  TCB  which  is  exponential  in  the  number  of  users,  unless  NP  =  P.  Therefore  the  optimum 
multiuser  detector  becomes  impractical  for  user  populations  above,  say,  10.  It  is  this  trade-Oif 
between  achievable  performance  and  necessary  time  complexity  per  bit  which  motivates  the  current 
research  in  multiuser  detection. 

The  aim  of  this  thesis  is  to  derive  and  analyze  receiver  structures  which  offer  bit-error  rates 
close  to  that  of  the  optimum  detector  while  maintaining  computational  feasibility.  In  particular 
this  work  is  concerned  with  remedying  the  near-far  problem  with  a  detector  with  low  computational 
complexity. 

1.4  Outline  of  the  thesis 

In  Chapter  2  we  present  the  multiuser  performance  measures  used  to  quantify  and  compare  the 
performance  of  multiuser  detectors.  The  first,  the  asymptotic  efficiency,  is  specific2Jly  tailored  to 
capture  the  performance  degradation  under  conditions  when  the  main  impairment  is  the  multiple- 
access  interference,  rather  than  the  background  noise.  The  second,  the  near-far  resistance,  measures 
the  detector’s  robustness  to  the  near-far  problem  which  is  our  main  concern  in  this  work. 
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Chapter  3  focuses  on  the  synchronous  CDMA  channel.  After  deriving  the  near-far  resistance 
of  both  the  conventional  and  the  optimum  detectors,  the  decorrelating  multiuser  detector  is  intro¬ 
duced.  This  detector  linearly  transforms  each  vector  of  matched  filter  outputs  with  a  generalized 
inverse  of  the  signal  crosscorrelation  matrix.  It  is  shown  that,  somewhat  unexpectedly,  the  near- 
far  resistance  of  the  optimum  multiuser  detector  coincides  with  that  of  the  decorrelating  detector, 
whose  complexity  per  demodulated  bit  is  only  linear  in  the  number  of  users.  In  Section  3.5  the 
optimum  linear  transformation  on  the  matched  filter  outputs  is  found,  and  conditions  on  the  signal 
energies  and  crosscorrelations  are  given  under  which,  for  a  certain  user,  its  asymptotic  efficiency  is 
equal  to  that  of  the  optimum  multiuser  detector.  The  issue  of  computing  the  decorrelating  detector 
is  addressed,  and  an  iterative  algorithm  which  converges  to  the  decorrelating  detector  is  given.  In 
Section  3.8  an  iterative  decision-feedback  scheme  with  the  decorrelating  detector  in  the  first  stage 
is  proposed.  This  receiver  uses  the  correlation  of  the  noise  samples  in  the  matched  filter  outputs 
to  reduce  the  variance  of  the  noise  components  by  subtracting  a  noise  estimate  based  on  the  past 
decisions  of  the  other  users.  The  performance  in  the  second  stage  is  analyzed,  both  for  feedback 
from  all  the  users  and  for  partial  feedback,  and  near-far  resistance  is  shown  to  be  preserved. 

Chapter  4  is  concerned  with  the  asynchronous  CDMA  channel.  In  Section  4.1  it  is  shown  that 
the  near-far  resistance  of  the  optimum  multiuser  detector  can  be  achieved  by  a  linear  detector  (the 
decorrelating  detector),  which  is  obtained  explicitly  in  Section  4.2,  as  well  as  its  implementable 
version  as  a  linear  time-invariant  system.  The  dependence  of  the  error  probability  of  this  detector 
on  the  received  delays  and  phases  is  discussed  and  a  numerical  comparison  of  the  error  probability 
of  the  decorrelating  receiver  and  the  conventional  receiver  in  a  scenario  of  practical  interest  is 
given.  In  Section  4.4  a  computationally  much  simpler  one-shot  detector  is  considered,  which  trades 
a  lower  level  of  near-far  resistance  than  the  decorrelating  detector  in  return  for  lack  of  memory.  A 
numerical  comparison  with  the  decorrelating  detector  is  shown  for  some  of  the  examples  considered 
earlier. 

Finally,  in  Chapter  5  the  situation  when  the  signature  sequences  of  the  other  users  are  unknown 
is  considered,  in  the  case  of  a  synchronous  channel.  An  adaptive  algorithm  is  presented  which  is 
shown  to  converge  to  the  decorrelating  detector  as  the  level  of  the  background  noise  vanishes,  and 
to  the  conventional  detector,  if  the  multiuser  interference  level  goes  to  zero,  i.e.  to  the  respectively 
optimum  strategy  under  the  respective  (limiting)  channel  conditions. 


8 


1.5  Parallel  work  in  the  field 


Other  possible  approaches  to  the  presented  issues  are  to  devise  suboptimal  lower  complexity 
versions  of  the  Viterbi  algorithm,  as  done  in  e.g.  [Due  87]  for  the  intersymbol  interference  channel, 
or  to  find  suitable  sequential  algorithms,  with  a  metric  closely  related  to  the  optimal  one,  as  in 
[Rus  88].  However  these  schemes  rely  largely  on  intuition  and  heuristics,  which  is  why  we  chose 
to  formulate  a  computationally  favorable  class  of  detectors  and  to  optimize  performance  over  this 
class.  A  recent  publication  which  derives  an  optimal  linear  receiver  under  an  asymptotic  error 
probability  criterion  in  a  hypothesis  testing  setting  is  [Gal  88].  Another  recent  attempt  to  derive 
detectors  for  multiuser  channels  is  [Var  88a],  where  the  decisions  of  the  conventional  detector  are 
used  to  subtract  an  estimate  of  the  multiuser  interference.  A  similar  idea  is  pursued  independently 
in  Section  3.8  of  this  thesis.  Part  of  the  results  presented  here  (also  [Lup  86],  [Lup  89a])  have 
been  incorporated  in  [Var  88b],  where  the  decorrelating  detector  is  used  instead  of  the  conventional 
detector  to  obtain  near-far  resistant  initial  decisions.  Finally,  [Poor  88b]  analyzes  the  form  of  the 
optimum  single-user  detector  in  a  multiuser  channel.  For  a  further  discussion  on  research  in  the 
field  see  [Ver  88]. 
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2.  Multiuser  Performance  Measures 


2.1  Asymptotic  Efficiency 

The  performance  measure  of  interest  in  communication  systems  is  the  bit-error  rate  or  proba¬ 
bility  of  error  achieved  by  each  transmitter.  Since  the  single-user  error  probability  (of  the  optimum 
single-user  detector)  on  the  Gaussian  channel  is  a  one-to-one  function  of  the  signal-to- noise  ratio 
(SNR),  the  same  information  as  the  error  probability  is  contained  in  the  efficiency,  defined  for  each 
user  as  the  ratio  between  his  effective  SNR  and  his  actual  SNR,  where  the  effective  SNR  is  the 
one  needed  to  achieve  the  same  error  probability  (using  the  optimum  single-user  detector)  without 
interference  from  other  users,  and  the  actual  SNR  is  the  received  energy  per  bit  of  the  user  divided 
by  the  power  spectral  density  level  of  the  background  noise  (not  including  interference  from  other 
users).  Since  it  is  the  ratio  of  two  energies,  the  efficiency  is  nonnegative,  and  since  the  effective 
energy  is  upper  bounded  by  the  actual  energy  (a  user’s  error  probability  in  a  multiuser  environ¬ 
ment  is  lower  boui  ded  by  his  single-user  error  probability),  the  efficiency  is  less  than  or  equal  to 
unity.  The  main  performance  measure  we  are  interested  in  is  the  bit-error- rate  in  the  high  signal- 
to-background  noise  region.  Thus,  even  though  the  background  thermal  noise  is  not  neglected,  the 
main  focus  will  be  on  the  underlying  performance  degradation  due  to  multi  pie- access  interference. 
This  is  a  meaningful  way  to  look  at  the  problem,  and  offers  the  advantage  of  tractability. 

With  this  in  mind  a  suitable  multiuser  performance  measure  is  the  asymptotic  efficiency,  intro¬ 
duced  in  [Ver  84c],  [Ver  86a],  and  defined  as  the  limit  of  the  efficiency  as  the  background  noise  level 
goes  to  zero.  Thus  the  asymptotic  efficiency  is  defined  for  each  user  as  the  limit  as  the  background 
noise  level  goes  to  zero  of  the  ratio  between  its  effective  energ>’  and  the  actual  energy  it  has  in 
the  multiuser  environment.  Therefore  it  is  a  measure  of  the  performance  loss  due  to  the  existence 
of  other  active  users  in  the  channel.  Consider  an  additive  white  Gaussian  channel  with  binary 
antipodal  signaling,  to  which  we  always  refer  in  the  sequel,  such  that  the  received  waveform  upon 
transmission  by  a  single  user  is 

r{t)  =  b  y/w  s{t)  -b  n{t) 

where  b,  w  and  s{t)  are  the  transmitted  bit,  the  received  energy  per  bit,  and  the  normjdized  received 
version  of  the  modulating  waveform,  and  n(t)  is  a  white  Gaussian  noise  process  with  power  spectral 
density  cr-.  It  is  well  known  (e.g.  [Woz])  that  the  error  probability  of  the  optimum  detector  for  this 
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situation,  which  is  a  filter  matched  to  s(<)  followed  by  a  sign  decision,  is'*^  Q{y/wla).  When  K  users 
are  transmitting,  let  the  user  received  energy  and  error  probability  (achieved  by  the  specific 
detector  under  consideration)  be  equal  to  and  Pjt,  respectively.  Then  the  effective  energy  ejt(a) 
is  such  that  Pk{(^)  =  o)  and  the  user  asymptotic  efficiency  of  this  detector  can  be 

written  as  [Ver  86a] 


nk 


lim 
<r— ►O 


Wk 


sup|o<r<l;  lim  Pk{<^)  /  Q(  — <  +oo|  . 
I  »0  <7  J 


(2.1) 


We  can  make  the  connection  between  the  two  above  definitions  in  the  following  way:  Consider 
the  behavior  of  PjS;(ff)  as  a  goes  to  zero.  Since  no  multiuser  detector  can  outperform  the  optimum 
single-user  detector  in  a  single-user  environment,  Pjfc(<7)  decays  in  the  limit  either  as  a  Q-function, 
or  slower.  In  the  first  case  the  value  of  r  to  ensure  a  finite  ratio  in  (2.1)  will  be  such  that  the  two 
Q-functions  have  the  same  arguments,  i.e.  it  will  be  the  ratio  of  effective  and  actual  energy.  In 
the  second  case,  (2.1)  predicts  an  asymptotic  efficiency  of  zero,  which  follows  also  from  the  first 
definition,  since  for  the  second  case  to  hold  the  effective  energy  must  tend  to  zero. 

From  the  above  discussion  it  becomes  clear  that  the  asymptotic  efficiency  has  the  following 
geometric  interpretation:  the  logarithm  of  the  fc**  user  error  probability  decays  asymptotically  with 
the  slope  corresponding  to  a  single-user  with  energy  rjf^Wk-  It  also  follows  that  while  an  irreducible 
error  probability  entails  a  zero  asymptotic  efficiency,  conversely  an  asymptotic  efficiency  of  zero 
means  that  the  error  probability  does  not  tend  to  zero  exponentially  fast  with  increasing  user 
signal  to  Gaussian  background  noise  ratio.  To  illustrate  how  the  asymptotic  efficiency  is  obtained, 
consider  a  linear  detector.  The  k^^  user  error  probability  can  be  shown  to  be  a  weighted  sum  of 
Q-functions,  one  for  each  possible  interfering  bit-combination;  as  cr  — 0  the  Q-function  with  the 
smallest  argument  dominates  and  determines  the  error  probability.  The  asymptotic  efficiency  is 
obtained  from  this  smallest  argument. 

The  importance  of  the  asymptotic  efficiency  as  a  multi-user  performance  measure  on  the  Gaus¬ 
sian  channel  is  that  -  while  probability  of  error,  the  actually  interesting  parameter  in  any  binary 
communication  environment,  is  highly  intractable,  which  is  why  other  measures  like  mean-squared 
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errors  are  resorted  to,  -  it  is  a  measure  which  is  equivalent  to  probability  of  error  in  the  high 
signal-to-noise  region,  while  offering  the  advantage  of  tractability. 

2.2  Near-far  Resistance 

Since  we  are  interested  in  alleviating  the  near-far  problem,  i.e.  are  interested  in  detectors 
whose  performance  level  is  high  for  all  received  energies,  a  suitable  performance  indicator  for  near- 
far  robustness  is  the  user  near-far  resistance,  which  is  defined  as  the  worst-case  asymptotic 
efficiency  over  all  possible  energies  of  the  interfering  users.  Thus  for  a  synchronous  channel  the 
near-far  resistance  of  a  detector  is  defined  as 

W  =  inf  T,k  •  (2.2) 

Wj>0 

The  definition  for  the  asynchronous  channel  is  given  in  Chapter  4.  A  detector  is  near-far  resistant 
for  User  k  if  the  near- far  resistance  of  User  A  is  nonzero. 
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3.  Linear  multiuser  detectors  for  synchronous  CDMA  channels 


3.1  Preliminaries 


Suppose  that  the  user  is  assigned  a  unit  energy  signature  waveform,  {si.{t)  ,  t  €  [0,r]}, 
and  he  transmits  a  string  of  bits  by  modulating  that  waveform  antipodally.  If  the  users  maintain 
symbol-synchronism,  and  they  share  an  ideal  white  Gaussian  multiple-access  channel,  then  the 
receiver  observes 


K  _ 

r{t)  =  -  IT)  +  a  n{t) , 

*=l 


i  6  [IT,  IT  -I-  T) 


(3.1) 


where  n(/)  is  a  realization  of  a  unit  spectral  density  white  Gaussian  process,  6  {  —  1,1}}/ 

and  are  the  user  information  sequence  and  the  possibly  time-dependent  received  energy 

sequence,  respectively.  Assuming  that  all  possible  information  sequences  are  equally  likely,  it  suffices 
to  restrict  attention  to  a  specific  symbol  interval  in  (3.1),  e.g.  /  =  0.  For  this  reason  in  the  sequel 
specification  of  the  symbol  interval  is  omitted. 

It  is  easy  to  check  that  the  likelihood  function  depends  on  the  observations  only  through  the 
outputs  of  a  bank  of  matched  filters: 

T 

Vk  =  J  ^ki^)  dt,  k  =  l,--  K  (3.2) 

0 


and  therefore  y  =  (yj, ...  are  sufficient  statistics  for  demodulating  b  =  [b^, . . .  In 

this  section  we  investigate  ways  of  processing  these  sufficient  statistics,  which  according  to  (3.1) 
and  (3.2)  depend  on  the  transmitted  bits  in  the  following  way: 


y  =  R  W  b  -I-  n 


(3.3) 


where  R  is  the  nonnegative  definite  Hermitian  matrix  of  crosscorrelations  between  the  assigned 
waveforms: 

T 

Rkj  =  J  Skit)  Sj{t)  dt  (3.4) 

0 

with  diagonal  entries  Rkk  =  1,  W  is  diagonal  with  entries  y/uTfc  and  n  is  a  zero-mean  Gaussian 
K-vector  with  covariance  matrix  equal  to  R. 
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In  this  chapter  we  do  not  restrict  the  signal  set  of  the  K  interfering  users  to  be  linearly 
independent,  which  means  that  R  can  be  singulao*.  Therefore  many  of  the  results  are  formulated  in 
terms  of  the  generalized  inverse  of  R,  which  obviously  will  reduce  to  the  usual  inverse,  if  the  signal 
set  is  linearly  independent. 

Note  that  the  model  of  equation  (3.3)  is  not  the  only  one  we  could  work  with.  Equivalently, 
we  could  either  choose  r  =  rank(R)  independent  users  and  discard  the  other  components  of  y, 
or  use  a  set  of  r  orthonormal  matched  filters  which  are  obtained  from  the  waveform  ensemble 
{sk{t),t  €  [0,r],ib  =  via  Gram-Schmidt  orthonormalization.  Both  representations  yield 

sufficient  statistics  for  the  demodulation  of  b.  The  orthonormalized  matched  filter  set  yields  a 
white  output  noise  sequence,  therefore  it  is  equivalent  to  a  A^-input  r-output  whitened  matched 
filter.  However,  both  representations  yield  non-square  matrices  for  r  <  K,  and  the  Gram-Schmidt 
procedure  requires  increased  computational  effort.  For  these  reasons  this  work  adopts  the  model 
of  (3.3),  although  if  the  signal  set  is  linearly  dependent,  the  sufficient  statistic  y  is  redundant. 

In  order  to  see  where  the  additional  demodulation  difficulty  comes  from  when  the  signal  set 
is  linearly  dependent,  consider  the  case  of  singular  noiseless  demodulation,  i.e.  the  problem  of 
demodulating  b  =  (6i , . . . ,  6/^-)  from  y  =  (yi ,  •  •  • , 

y  =  RWb, 

when  R  is  singular.  Since  the  collection  of  all  possible  hypothesis  vectors  b  spans  ,  it  is  apparent 
that  no  linear  transformation  can  recover  b  from  y.  In  fact  it  is  easy  to  show  that  noiseless  singular 
demodulation  is  NP-complete,  because  “PARTITION”  ([Gar]:  given  L  =  {Ij,.. Ij  G  S'*"  and 
G  G  2Z'^,  decide  whether  there  exists  a  subset  L'  £  L  such  that  /,  =  G  -I-  J2lieL-L' 

be  reduced  to  a  special  case  of  “NOISELESS  SINGULAR  DEMODULATION”,  namely  the  case 
where  the  rank  of  R  is  unity.^*’  It  is  not  hard  to  find  an  algorithm  which  solves  noiseless  singular 
demodulation,  i.e.  given  y  decides  whether  a  solution  b  with  components  in  {-1,1}  exists,  and  in 
the  latter  case  finds  it,  with  a  time  complexity  per  bit  of 

T{K)  =  0{r^) 

K 

where  r  is  the  rank  of  R.  To  do  this,  one  possibility  is  to  choose  r  linearly  independent  columns  of 
R,  assign  all  possible  values  to  the  K  -  r  bits  corresponding  to  the  other  columns,  solve  for  the  r 

***  Let  Rij  =  /,/j,  Vi  =  /,(j,  W  =  I.  Clearly  R  is  symmetric,  nonnegative  definite,  and  rank  R  =  1.  Then  since 

/,  #0,  RWb  =  y«C?  =  ^/,A. 
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remaining  bits  and  accept  a  solution  when  these  bits  turn  out  to  be  -1  or  +1.  The  given  complexity 
is  then  immediate. 

Seeing  that  there  is  no  linear  transformation  which  solves  noiseless  singular  demodulation,  an 
interesting  question  to  ask  is  whether  a  subset  of  b  can  be  recovered  by  a  linear  transformation. 
The  answer  is  given  by  Lemma  3.1.  The  following  definition  characterizes  the  dependence  which  is 
the  cause  of  the  singularity  of  R.  It  is  easy  to  show  that  dependence  of  modulating  waveforms  is 
directly  translated  into  linear  dependence  of  the  corresponding  columns  of  R,  r,-,  t  =  1, . . . ,  A". 

Definition:  Users  i  6  /  C  {I,..  .,K}  fotm  ai  maximal  dependent  block'd 

V  X  ^  0  ,  s.t.  Rx  =  0 ,  ^  r,  X,  =  0 

•  6  I 

and  no  subset  I’  C  I  satisfies  the  above  for  all  x  in  the  nullspace  of  R. 

Lemma  3.1:  Application  of  the  Moore-Penrose  inverse^®'  R'^  on  the  matched  filter  output  vector 
y  decouples  the  users  into  maximal  dependent  blocks,  i.e.  if  the  users  are  relabeled  such  that  users 
in  the  same  dependent  block  have  consecutive  labels,  then  R‘'’R  is  block  diagonal.  0 

Proof:  Singling  out  a  maximal  dependent  block  /,  let  the  matrices  R,  R"*"  and  R+R  be  partitioned 
according  to  the  indices  in  /  as 


R  ^  (M,  A  ,  N) 
R+  -  (B  ,  C  ,  D) 
R+R  -*  (Y  ,  X  ,  Z) 


where  the  first  entry  corresponds  to  the  maximal  dependent  block,  the  last  entry  to  its  complement, 
and  since  all  the  matrices  are  symmetric  the  notation  (M,  A,A^,N)  has  been  abbreviated  to  the 
above  form.  We  want  to  show  X  =  0.  By  definition  of  a  Moore-Penrose  inverse. 


R(R+R)  =  R  => 


■  M  A' 

r 

A^  N. 

Y-I  X 
X^  Z-I 


=  0 


=>  MY  =  M 
A^Y  =  A^ 

A  generalized  inverse  A  of  a  matrix  B  is  any  matrix  that  satisfies  1.  ABA  =  A  and  2.  BAB  =  B.  The 
Moore-Penrose  generalized  inverse,  denoted  by  B"^,  is  the  unique  generalized  inverse  that  satisfies  3.  AB  and  BA 
are  Hermitian. 
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where  the  last  implication  follows  from  the  definition  of  a  maximal  dependent  block.  Also 


(R+R)  =  R+R  =»  Y  =  BM  +  CA^ 


where  from,  multiplying  by  Y  and  using  the  previous  equalities 

Y^  =  BMY  +  CA^Y  =  BM  +  CA^  =  Y 
but 

(R+R)2  =  (R+R)  =»  Y^  +  XX^  =  Y 

which  means  that 

XX^  =  0  X  =  0. 


This  result  implies  that  independent  users,  i.e.  users  whose  modulating  waveform  is  linearly 
independent  of  the  others,  can  be  easily  demodulated  in  the  noiseless  case,  since  they  are  decoupled 
by  multiplication  of  y  with  R+,  while  for  dependent  users,  a  time  complexity  which  is  exponential 
in  the  size  of  the  dependent  block  is  feasible. 


3.2  Single-user  detection  and  optimum  multiuser  detection 

3.2.1  The  conventional  single-user  detector 

If  it  were  possible  to  accurately  model  the  multiple-access  interference  as  a  zero-mean  white 
Gaussian  random  process,  then  the  optimum  receiver  would  be  the  one  which  is  known  to  be  opti¬ 
mum  for  detection  of  a  known  signal  in  white  Gaussian  noise,  namely  a  filter  matched  to  the  known 
signal,  followed  by  a  threshold.  This  strategy  is  optimal  in  the  absence  of  multiuser  interfeience, 
which  is  why  the  aforementioned  detector  is  called  a  single-user  detector  in  this  context.  However, 
in  the  multiuser  environments  encountered  in  practical  applications,  the  Gaussian  assumption  is 
unfounded,  and  the  colored  non-Gaussian  nature  of  the  multiuser  interference  has  to  be  taken  into 
account.  Regardless  of  this  fact,  due  to  its  simplicity,  the  conventional  single-user  detector  is  the 
detector  which  is  commonly  used  in  practical  situations.  We  focus  now  on  this  detector,  along  with 
its  performance  in  a  multiuser  environment. 
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Conventional  single-user  detection  for  the  user  decides  on  in  the  simplest  possible  way. 
The  user  receiver  consists  of  a  single  matched  filter,  matched  to  the  user’s  signal,  instead  of 
the  bank  of  matched  filters  which  are  necessary  to  generate  the  sufficient  statistic  y  =  (yi,  •  •  •  ,yK) 
for  demodulation  of  each  user’s  bit  stream.  Thus  only  y^  is  generated  at  the  receiver,  yielding  the 
following  decisions  for  the  user: 

hi  =  sgn  yt  . 

It  is  apparent  that  the  conventional  receiver  requires  very  little  complexity,  amd  that  its  time- 
complexity  per  bit  is  independent  of  the  number  of  users.  On  the  other  hand, 

Vk  =  it  +  ’  "k  ~ 

i^k 

so  that  tadcing  a  sign  decision  on  yj^  completely  ignores  the  multiple-access  interference  component 
^  y/wiRkibi  present  in  yjt.  As  a  result  it  becomes  apparent  that  a  sufficiently  high  interference 
energy  from  any  nonorthogonal  user  will  result  in  an  irreducible  error  probability,  even  for  a  van¬ 
ishing  background  noise  level.  A  necessary  and  sufficient  condition  for  this  to  occur  is  that  the 
interfering  energies  are  such  that  y/w^  <  J2i^k  This  shows  that  the  only  way  to  prevent 

the  conventional  receiver  from  becoming  multiple-access  limited  for  sufficiently  high  interfering  en¬ 
ergy  is  to  use  an  orthogonal  signal  set.  The  k^^  user  error  probability  of  the  conventional  single-user 
detector  is: 


Pk 


P  [Vk  >  0  \  bk  =  -1] 


^  P[yk  >  0\h]P[h\bk  =  -1] 


2i-^  E  Q 


(3.5) 


In  the  low  background  noise  region  the  foregoing  summation  is  dominated  by  the  term  corresponding 
to  the  least-favorable  bits  of  the  interfering  users,  i.e.,  5,  =  sgn  (R^)-  Thus,  the  asymptotic 
efficiency  of  the  conventional  detector  is  equal  to 


/TVJu 

rff.  =  sup  {0  <  r  <  1  ;  lim^  P^  j  --  )  <  -f  oo} 


=  max2  jo,  1  -  g|R,il^}  . 


(3.6) 

(3.7) 
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It  follows  from  (3.7)  that  the  conventional  user  detector  is  not  near-far  resistant  (i.e.,  its 
asymptotic  efficiency  is  not  bounded  away  from  zero  as  a  function  of  the  interfering  users’  energies), 
unless  Rfh  =  0  for  all  i  ^  k,  i.e.,  only  if  the  k^^  user’s  signal  is  orthogonad  to  the  subspace  spanned 
by  the  other  signals.  Otherwise, 


r)l  =  inf  =  0 . 

*  to,>0  * 


(3.8) 


For  example  for  two  aM:tive  users,  =  0  for  >  1/p,  where  p  is  the  correlation  coefficient 

between  the  two  waveforms.  Actually,  we  can  make  a  stronger  statement  than  this.  As  explained 
in  Section  2.1,  am  asymptotic  efficiency  of  zero  does  not  imply  that  the  probability  of  error  will 
be  bounded  away  from  zero  as  the  background  noise  vanishes;  it  only  limits  the  speed  of  decay  to 
be  slower  than  exponential.  However  the  error  probability  of  the  conventional  receiver  does  not 
decay  to  zero  as  0  if  its  asymptotic  efficiency  is  zero.  (This  holds  for  any  linear  detector,  and 
in  general  for  any  detector  whose  error  probability  can  be  represented  as  a  sum  of  Q-functions). 
Specifically,  if  the  crosscorrelation  coefficients  and  the  user  energies  are  such  that  for  ni  out  of  the 
2^“^  possibilities  for  b  €  {-1,1}-^,  for  fixed  6^,  we  have 


ijtk 


>  1 


and  equality  holds  for  n2  possibilities,  then  the  limit  of  the  error  probability  in  (3.5)  as  (7  -♦  0  is 


<r— *0 


■,1-K  1  1  \  +  no 

"  (1  X  ni  -I-  -  X  nz)  =  — - 


For  example  in  the  two-user  case,  if  s/v^Jy/vn  =  (1  +  A^)/p,  the  error  probability  of  the  conven¬ 
tional  receiver  for  User  1  tends  to  1/4  if  A  =  0  and  to  1/2  if  A  >  0,  for  increasing  SNR  of  User 
1. 

This  clearly  shows  the  multi-access  limitation  of  the  conventional  detector,  as  well  as  the  fact 
that  in  order  to  obtain  an  adequate  performance  within  a  nominal  range  of  energies  stringent 
requirements  have  to  be  put  on  the  crosscorrelations  allowable  between  the  modulating  signals, 
without  being  able  to  prevent  a  severe  performance  degradation  if  the  multiple-access  interference 
exceeds  the  limit  specified  in  the  signal  design. 
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3.2.2  The  maximum  likelihood  detector  (optimal  receiver) 

Due  to  the  fact  that  there  are  several  users  on  the  channel,  optimum  detection  in  the  sense  of 
minimizing  the  probability  of  error  can  be  conceived  in  two  equcilly  meaningful  ways;  the  goal  can 
be  a  global  one,  i.e.  maximization  of  the  joint  posterior  density  of  the  transmitted  symbols  given 
the  received  signal,  i.e. 

h  e  arg  max  P  [b  |  {r(t),t  e  .ffi}]  , 

where  Ujt  is  the  unit  vector,  or  maximization  of  the  marginal  posterior  density,  i.e. 

h  e  arg^^^^^  P  [6*.  =  6  I  {r{t),t  6  .K}]  . 

We  will  refer  to  the  first  as  maximum  likelihood  detection  and  to  the  second  as  minimum-error- 
probability  detection.  Note  that  the  two  criteria  do  indeed  lead  to  different  detectors,  which  is  due 
to  the  fact  that  the  symbols  of  the  interfering  users  are  no  longer  independent  conditioned  on  the 
received  signal. 

Example  3.1.  As  an  easy  example,  consider  a  two-user  CDMA  detection  problem,  where  the 
matched  filters  are  matched  to  the  Gram-Schmidt  orthogonalized  versions  of  the  modulating  signals, 
as  discussed  in  Section  3.1.  The  matched  filter  outputs  also  form  a  sufficient  statistic,  with  the 
difference  that  the  noise  vector  is  uncorrelated,  which  eased  the  construction  of  the  desired  example. 
The  two-user  detection  problem  then  is 

2/1  =  +  pb2  +  ni 

2/2  ~  ^2  +  n2  • 

Now  let  the  crosscorrelation  between  the  two  signals  be  p  =  0.6,  the  noise  variance  be  (T^  =  1 
and  consider  the  situation  where  the  received  vector  y  is  [1,-0.1].  The  posterior  probability 
P  is  shown  in  Table  1,  for  the  four  possibilities,  i.e.,  rowwise,  [fti,fr2]  = 

[1,  l],[l,  — 1],[-1, -1].  The  maximum  likelihood  detector  decides  for  the  composite  hypoth¬ 
esis  which  is  most  likely  conditioned  on  the  received  vector,  hence  in  this  case  will  choose  [1,-1]. 
Thus  the  maximum  likelihood  decision  on  the  bit  transmitted  by  the  second  user  will  be  -1.  On 
the  other  hand  the  minimum-error-probability  detector  for  User  2  maximizes 

P{h2\y)=  Pi^2M\y) 
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■  ■ 

P[b,.b2ly.|_JlJl 


0.1)  (1.-') 


0.37 

0.44 

0.17 

0.02 

(-1.1)  (-1.-1) 


Table  1.  Posterior  probability  of  hypotheses  for  Example  3.1. 


i.e.  in  Table  1  it  will  choose  the  symbol  corresponding  to  the  column  with  largest  element  sum.  In 
this  case  this  is  the  first  column,  hence  the  minimum-error-probability  decision  on  the  bit  trans¬ 
mitted  by  the  second  user  will  be  -|-1.  A 

Both  the  maximum  likelihood  and  the  minimum-error-probability  receivers  for  asynchronous 
CDMA  have  been  found  in  [Ver  84c],  and  while  they  are  both  dynamic  programming  algorithms, 
the  first  is  a  forward  Viterbi  algorithm,  while  the  second  is  of  the  backward- forward  type,  and  is  in 
general  more  complicated.  However,  [Ver  84c]  shows  that  as  the  noise  level  decreases  the  number  of 
symbols  in  which  the  optimum  sequences  according  to  both  criteria  differ  goes  to  zero.  Intuitively, 
this  is  because  for  vanishing  noise  levels  the  probability  mass  function  P[b|y]  concentrates  increas¬ 
ingly  on  one  element,  i.e.  a  table  analogous  to  Table  1  would  have  one  element  close  to  1  and  the 
others  close  to  0,  so  that  both  detectors  would  choose  the  same  element.  Since  this  work  deals 
with  the  performance  of  multiuser  detectors  in  the  high  signal-to-background-noise  region,  where 
the  limiting  factor  is  the  multiuser  interference,  the  aforementioned  convergence  in  the  high  SNR 
region  of  the  performances  of  the  two  optimal  detectors  is  the  reason  for  which  in  the  sequel  we 
may  restrict  attention  to  the  maximum  likelihood  detector  and  refer  to  it  as  the  optimum  multiuser 
detector. 

The  optimum  multiuser  detector  selects  the  most  likely  hypothesis  t*  =  {b\, . . .  given 
the  observations,  which  corresponds  to  the  noise  realization  with  minimum  energy,  i.e., 

7  A' 

b*  e  arg  min  /  [  r(t)  -  ^  6|t  S]t(0  ]*  dt 

{  fc  =  1 
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(3.9) 


=  arg  min  b^WRWb  -  2y^Wb. 

b€{-l,lF 

The  computational  complexity  of  the  optimum  multiuser  detector  is  radically  different  from  that 
of  the  single-user  detector.  While  we  have  seen  that  the  time-complexity  per  bit  of  the  single-user 
detector  is  independent  of  the  number  of  users,  no  algorithm  that  solves  (3.9)  in  polynomial  time 
in  K  is  known.  The  reason  for  this  is  the  NP-completeness  of  optimum  multiuser  detection  [Ver 
85],  (Ver  89]. 

However  the  performance  of  both  detectors  is  quite  different  as  well.  The  user  error 
probability  of  the  optimum  multiuser  receiver  is  asymptotically  (as  <t  — ►  0  )  equivalent  to  that  of  a 
binary  test  between  the  two  closest  hypotheses  that  differ  in  the  bit  (see  [Ver  86b]).  The  square 
of  the  Euclidean  distance  between  the  signals  corresponding  to  these  two  hypotheses  is  equal  to 


min  min  ||  ^  6i  s,{t)  -  di  s,(OI|-  = 

=  4  min  €^W  R  W  e  . 

‘i  =  I 

Hence,  the  asymptotic  efficiency  of  the  optimum  multiuser  detector  is  equal  to 

qL  =  —  min  c^W  R  W  e  . 

tnjt  ,€{-1.0.1}*^ 

‘t  =  1 


(3.10) 


(3.11) 


This  is  the  highest  asymptotic  efficiency  attainable  by  any  detector  because  as  <r  — ►  0  the  optimum 
multiuser  detector  achieves  minimum  probability  of  error  for  each  user.  In  the  two-user  case, 
denoting  p  =  R12,  (3.11)  reduces  to 


1,  1  +  —  — 

wi 


(3.12) 


and  analogously  for  User  2.  Unfortunately,  no  explicit  expressions  are  known  for  (3.11)  for  an 
arbitrary  number  of  users.  In  fact,  it  is  shown  in  [Ver  85]  that  the  combinatorial  optimization 
problem  in  (3.11)  is  zJso  NP-complete,  if  R  is  nonnegative  definite.  We  will  give  a  modified  proof 
which  extends  the  result  to  positive  definite  matrices.  This  extension  is  nonobvious,  because  any 
additional  structure  introduced  (here  it  is  the  requirement  of  nonsingularity)  may  turn  a  difficult 
problem  into  one  solvable  in  polynomial  time. 


Proposition  3.1:  The  following  problem  is  NP-complete. 


“MULTIUSER  ASYMPTOTIC  EFFICIENCY”: 

Given  K  G  IN,  k  £  {1, . . . ,  K},  and  a  positive  definite  matrix  R  G  , 

find  the  user  asymptotic  efficiency  min  R  c.  ^ 

**  «€{-!, 0,1)^ 

'fc  =  1 

Note  that  we  have  absorbed  the  invertible  positive  diagonal  matrices  W  into  R,  since  there 
is  a  one  to  one  correspondence  between  the  two  situations,  and  positive  definiteness  is  independent 
of,  and  preserved  by,  multiplication  by  W  on  both  sides. 

Proof  :  The  standard  technique  in  proving  NP-completeness  of  a  given  problem  is  to  reduce  to  the 
problem  in  question  a  similar  problem,  known  to  be  NP-complete.  We  adopt  the  approach  in  [Ver 
85]  and  reduce  -1/0/1  KNAPSACK,  which  is  shown  therein  to  be  NP-complete,  to  our  problem, 
using  a  modified  reduction  tailored  for  the  positive  definite  case. 

Reduction  of  ‘-1/0/1  KNAPSACK’  to  “MULTIUSER  ASYMPTOTIC  EFFICIENCY”: 

Given  :  ^  ^  »  =  l,...,i  and  G  G 

^  L 

find  whether  or  not  there  exist  e,  G  {-1,0, 1},  such  that  Yi  Gh  =  G 

•=1 

given  that  the  following  problem  can  be  solved  for  all  K  G  and  positive  definite  matrices 

R; 

find  ai  =  min  R  c. 

.€{-1,0,1}^ 

To  reduce  the  first  problem  to  the  second  we  define 

K  =  L  +  1 

/'  _  /  <  i  7  i  =  1 , . . . ,  A  -  1 

-  \G,  t  =  K 

R:  Rij  =  l\  I'j  +  ,  i,;G{l . A'}. 

then 

R  X  =  ^  I,  xj  R,j 
•  J 

=  ( f;  I,  I' II X 11= . 

1=1 


(3.13) 


(3.14) 
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hence  HiH  >  0  =>  x^Rx  >  0,  which  means  that  the  matrix  R  we  have  defined  is  indeed  positive 
definite,  if  A  ^  0.  Now,  for  €  as  defined  in  the  asymptotic  efficiency  expression, 


K 


R  €  —  (  ^  /|  +  G  )^  +  A‘ 


(3.15) 


1=1 


^^•e  can  find  the  minimum  of  the  right  hand  side  (by  assumption),  and  would  like  to  know  whether 
the  first  term  can  be  zero  for  some  choice  of  {e,}.  Now,  since  ||e||^  <  K,  if  we  pick  A^  <  l//i 
the  second  term  on  the  right  hand  side  will  be  less  than  unity.  Therefore,  since  the  first  term 
is  an  integer,  the  sum  is  minimized  if  the  first  term  is  minimized.  With  this  in  mind,  letting 

^  •  -  TT+T' 

Ofc  <  1  ^  ”YES”  instance  of -l/O/l  KNAPSACK 
Ofc  >  1  ^  ”NO”  instance  of -1/0/1  KNAPSACK. 

We  have  shown  that  if  we  could  solve  “MULTIUSER  ASYMPTOTIC  EFFICIENCY”,  we  could 
equivalently  solve  1/0/1  KNAPSACK”,  which  has  been  shown  to  have  a  formulation  as  a  special 
case  of  the  former.  Thus  our  problem  is  at  least  as  hard  as  “-1/0/1  KNAPSACK”,  hence  at  least 
NP-complete.  It  is  easy  to  see  that  it  is  in  NP,  which  completes  the  proof.  ■ 

Nevertheless,  it  is  indeed  possible  to  obtain  a  closed-form  expression  for  the  near-far  resistance 
of  the  optimum  multiuser  detector,  because  the  minimization  of  the  asymptotic  efficiencies  with 
respect  to  the  energies  of  the  interferers  reduces  the  combinatorial  optimization  problem  in  (3.11) 
to  a  continuous  optimization  problem  whose  solution  is  given  by  the  following  result. 

Proposition  3.2:  Denote  the  Moore-Penrose  generalized  inverse  (see  p.  15)  of  the  normalized 
crosscorrelation  matrix  R,  by  R'*'.  If  the  signal  of  the  user  is  linearly  independent,  i.e.  it  does 
not  belong  to  the  subspace  spanned  by  the  other  signals,  then 


W  =  inf  Vk  =  -ST" 


i  *  k 


'-kk 


Otherwise,  rjt  =  0. 

Proof:  Using  expression  (3.11)  for  the  asymptotic  efficiency  of  the  k^^  user  we  obtain 

1  'T' 

T]k  =  min  min  —  €  WRW  e 
>  0  <  e  {-1,0,1}'^  u’it 
i  rt  k  =  1 

T' 

=  min  X  Rx 

X 

1 

=  min  (1  -I-  2z^  mjt  -t-  z^Rjtz) 


(3.16) 

❖ 


(3.17) 
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where  R^.  is  obtained  from  R  by  striking  out  the  row  and  column  and  m^,  is  the  k^^  column 
of  R  with  the  k^^  entry  removed.  Henceforth,  we  will  denote  such  a  partitioning  of  a  symmetric 
matrix  with  respect  to  the  k*^  row  and  column  by  R  =  [1,  mjt,  Rfc],  where  the  leftmost  element 
in  the  square  brackets  is  the  k^^  diagonal  entry.  The  minimum  in  the  right-hand  side  of  (3.17)  is 
achieved  by  any  element  z*  such  that 

Rfc  z*  =  — nijt  .  (3.18) 

Because  of  the  Fredholm  theorem  [Lan  85,  p.  115]  (the  range  space  of  a  matrix  is  orthogonal  to 
the  nuUspace  of  its  transpose),  the  solvability  of  (3.18)  is  equivalent  to  nn  being  orthogonal  to  the 
nullspace  of  R^.  But  for  all  z  €  1R^~^  the  parabola  q{v)  =  +  2v  +  z^R^z  has 

at  most  one  zero  because  it  is  equal  to  the  quadratic  form  of  the  nonnegative  definite  matrix  R 
with  a  vector  whose  k^^  coordinate  is  v  and  whose  other  components  are  equal  to  z.  Therefore,  the 

discriminant  of  the  parabola  satisfies  (z^m;t)^  ~  z^Rj^z  <  0;  in  particular,  if  z  belongs  to  the 

nullspace  of  R;t' =  0.  So  is  indeed  orthogonal  to  the  nullspace  of  R;t.  Substituting 
(3.18)  into  (3.17)  we  obtain 

=  1  -  z*^  Rjk  z* 

=  1  -  z*^  Rfc  Rfcz* 

=  1  -  mj  Rjf  mj  .  (3.19) 

Notice  that  the  k^^  user  is  linearly  dependent  if  and  only  if  there  e.xists  a  linear  combination  of 
the  columns  of  R  that  includes  the  k^^  column  and  is  equal  to  the  zero  vector.  Therefore,  if  a 
user  is  linearly  dependent  then  we  can  find  x  such  that  Rx  =  0  and  =  1,  in  which  case  the 
penultimate  equation  in  (3.17)  indicates  that  rfj^  =  0. 

In  order  to  obtain  the  near-far  resistance  of  a  linearly  independent  user,  we  will  employ  the 
following  property,  which  will  also  be  invoked  in  the  sequel. 

Lemma  3.2:  If  the  k*^  user  is  linearly  independent,  then  every  generalized  inverse  R^  of  R 
satisfies:  (R^R)^.^  =  (RR^)j]t  =  for  j  =  1 - ,A' and  Rj.^.  =  0 

Proof  of  Lemma  3.2:  Let  S  =  R^R  —  I.  By  the  definition  of  generalized  inverse,  it  follows  that 
RS  =  0,  i.e.,  every  column  of  S  is  in  the  nullspace  of  R.  But  if  the  user  is  linearly  independent, 
it  is  necessary  that  the  element  of  each  such  column  be  zero.  Hence  (R^R  -  l)i^j  =  0  for  all 
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j  = 

Similarly,  with  S  =  RR^  —  I  and  SR  =  0,  we  obtain  (RR^)j^  =  Equivalently 

RR^Ufc  =  u^,  using  the  ki^  unit  vector  uj^.  Hence,  for  any  generalized  inverses  Rj  ,  Rj, 
R(R(  —  R^jufc  =  0.  But  since  the  user  is  linearly  independent,  it  is  necessary  that  the 
element  of  each  vector  in  the  nullspace  of  R  be  zero.  Hence  (R(  -  R2)jtit  =  0.  ■ 

Proof  of  Proposition  3.2  (cont.):  Partitioning  R"*"  with  respect  to  the  row  and  column 
we  have,  say,  R"*"  =  [7,  c,  C].  Now,  computing  the  submatrices  of  the  partitioned  matrix  R‘'"R 
and  using  Lemma  3.2,  it  follows  that 


Rjtc  +  7  mjt  =  0  (3.20) 

and 

c^mjt  +  7  =  1  (3.21) 


Notice  that  7^0  for  otherwise  c  would  belong  to  the  nullspace  of  Rjt  and  would  not  be  orthogonal 
to  mjt,  which,  as  we  saw,  is  not  possible.  Finally,  substituting  (3.20)  into  (3.19)  we  obtain 


fjfc  =  1  -  RifcR+Rfc  c 

1  T’ 

=  1  +  —  mt 

7 


1 

7 


utk 


(3.22) 


where  the  second,  third  and  fourth  equations  follow  from  the  definition  of  generalized  inverse,  (3.20) 
and  (3.21),  respectively.  ■ 
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3.3  The  decorrelating  detector 


In  the  absence  of  noise  the  matched  filter  output  vector  is  y  =  RWb,  so  if  the  signal  set 
is  linearly  independent  (i.e.  R  invertible),  the  natural  strategy  to  follow  in  this  hypothetical 
situation  is  to  premultiply  y  by  the  inverse  normalized  crosscorrelation  matrix  R“^  The  detector 
X  =  sgn  R“V  was  analyzed  in  [Lup  86],  where  its  performance  was  quantified  in  the  presence  of 
noise.  In  [Sch  79]  it  was  erroneously  shown  (cf.[Ver  86b])  that  this  detector  is  optimum  in  terms 
of  bit-error  rate.  Note  that  the  noise  components  in  R“*y  are  correlated,  and  therefore  sgn  R“^y 
does  not  result  in  optimum  decisions. 

Since  here  (also  [Lup  89a])  the  signal  set  is  not  constr<iined  to  be  linearly  independent,  the 
above  detector  need  not  exist.  In  general,  we  wiU  consider  the  set  /(R)  of  generalized  inverses  (see 
p.  15)  of  the  normalized  crosscorrelation  matrix  R  and  we  will  ainalyze  the  properties  of  the 
detector 

X  =  sgn  R^y  ,  (3.23) 

which  we  refer  to  as  a  decorrelating  detector.  Its  name  is  due  to  the  detector’s  effect  upon  input 
of  y  when  the  signal  set  is  linearly  independent:  then  the  output  is  Wb  -f  R~^n,  i.e.  the  matched 
filter  outputs  have  been  “decorrelated”. 

The  user  asymptotic  efficiency  achieved  by  a  general  linear  transformation  T  can  be  ob¬ 
tained  similarly  to  that  of  the  conventional  single-user  detector  T  =  I  (Section  3.2.1).  The  first 
step  is  to  find  the  bit  error  probability  of  the  user: 

Pk  =  P[hk=  l\bb  =  -l]  =  P[(TRWb  +  Tn)k  >  0\bk  = -l] 

=  P  [(Tn)t  >  (TRW)j.  -  y;(TRW),^i,I 

=  2^-^'  P[(Tn)fe  >  (TR)fcfcv^- J3(TR)jfc,V^6,].  (3.24) 

4t  =  -l 

Since  the  random  variable  (Tn)^  is  Gaussian  with  zero  mean  and  variance  equal  to 
the  sum  in  (3.24)  is  dominated  as  <7  -♦  0  by  the  term 

2^-'^^'  Q  (  min  [(TR)u-v^  -  6,]  /  a^/(TRT^) 
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which  is  equal  to 

2^-^'Q{  -  i:i(TR)fc^.|^)/av/(TRT^  )  .  (3.25) 

Hence  according  to  definition  (2.1)  the  user  asymptotic  efficiency  of  the  linear  receiver  is  equal 
to  zero  if  (TR)]tjt'v/«ifc  <  H  l(TR)jty|y5jJ.  Otherwise  it  is  either  equal  to  the  square  of  the  ratio 
of  the  argument  of  the  foregoing  Q-function  and  the  argument  corresponding  to  the  single-user 
probability  of  error  Q{y/^(o),  or  equal  to  1,  whichever  is  smaller.  Therefore 

(Ta)a  -  E  KTRji^iys 

n(T)  =  min  {1,  {0,  -  j£-  -  - })  .  (3.26) 

v/(TaT’-)« 

The  min-operation  can  be  seen  to  be  redundant  in  this  case  as  follows.  Clearly  the  claim  is  true 
if  (TR)fc^  <  0.  Otherwise,  since  all  the  terms  subtracted  in  the  numerator  are  nonnegative,  it  is 
sufficient  to  show  for  all  T 

(TR)^^  <  ^(TRTT)h.  .  (3.27) 

Let  denote  the  k*^  row  of  T  and  r*.  the  k*^  column  of  R.  Then  we  have  to  show 

v^rjt  <  Vv^Rv  (3.28) 

or,  after  squaring  both  sides  and  collecting  terms,  it  suffices  to  show  that  the  kernel  matrix  is 
nonnegative  definite,  i.e. 

rjtrJ’  -  R  <  0.  (3.29) 

We  show  this  as  follows.  Letting  ujt  be  the  unit  vector, 

{x  -  K  {x  —  XkUk)  =  x^Rx  -  2ifcX^rj|;  +  >  0  (3.30) 

for  all  pairs  (x,x^)  G  {IR^  ,JR),  since  R  is  nonnegative  definite.  But  (3.30)  can  be  viewed  as  a 
second  degree  polynomial  in  n,  whose  discriminant  has  to  be  nonpositive  in  order  to  guarantee 
that  the  polynomial  does  not  change  sign.  Hence 

A  =  {x'^Vkf  -  x^Rx  <  0  (3.31) 

or  equivalently,  for  all  x 

x^(rjtr^  -  R)x  <  0 

which  completes  the  proof  that  the  min-operation  in  (3.26)  is  superfluous. 
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Hence  the  fc**  user  asymptotic  efficiency  achieved  by  the  linear  mapping  T  is 

(TR)fcit  -  E  I  (TR)t,  1^5 

T?it(T)  =  max^  {  0,  - .  -  }  ■ 

v/(TRT^)u- 


(3.32) 


Thus  the  user  asymptotic  efficiency  of  a  decorrelating  detector  with  matrix  R^  is  given  by 

(R^R)w  -  El  (R^R)fcj  lv/5 


J7t(R0  =  max^  {  0, 


}■ 


(3.33) 


Define  the  highest  asymptotic  efficiency  achievable  by  a  generalized  inverse,  respectively  the  opti¬ 
mum  linear  map  by 


and 


4 

A 

sup 

VkiR') 

(3.34) 

R^€/(R) 

4 

A 

sup 

r?fc(T)  . 

(3.35) 

Tgjj/fx/f 

Proposition  3.3:  If  User  k  is  linearly  independent,  every  R^  €  /(R)  satisfies 

m  (R')  =  rfi  =  l/Rtk  ,  (3.36) 

where  the  notation  is  as  in  Proposition  3.2.  0 

Thus  for  independent  users  the  asymptotic  efficiency  of  the  decorrelating  detector  is  indepen¬ 
dent  of  the  energy  of  other  users  and  of  the  specific  generalized  inverse  selected. 


Proof  :  If  user  k  is  linearly  independent  we  established  in  Lemma  3.2  that  (R^R)^^^  =  Hence, 
it  follows  from  (3.33)  that 

VkiR')  =  (3.37) 

^kk 

and  Proposition  3.3  follows,  using  the  fact  that,  by  Lemma  3.2,  ■ 


If  User  k  is  linearly  independent  it  follows  from  Lemma  3.1  that  the  Moore-Penrose  decorre¬ 
lating  detector,  which  isolates  User  k,  has  a  probability  of  error  given  by 


Pk{e)  =  Q  ( 


(3.38) 
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In  Section  3.5.2  it  is  shown  that  if  user  k  is  linearly  dependent,  then 


4  =  Vk 


i.e.  for  a  dependent  user  the  best  decorrelating  detector  and  the  best  linear  detector  achieve  the 
same  user  asymptotic  efficiency. 


Proposition  3.4  :  The  near-far  resistance  of  the  decorrelating  detector  equals  that  of  the  optimum 
multiuser  detector,  i.e.,  for  all  €  /(R), 


inf  »7i(R0  =  inf  rjk  =  ffk  ■  (3.39) 

wj  >  0  '  0 

0 


Proof  :  If  User  k  is  linearly  independent,  then  according  to  Propositions  3.2  and  3.3  the  near- 
far  resistance  of  the  optimum  detector  is  equal  to  the  asymptotic  efficiency  of  the  decorrelating 
detector,  which  is  independent  of  the  energy  of  the  other  users.  If  user  k  is  linearly  dependent. 
Proposition  3.2  states  that  the  near-far  resistance  of  the  optimum  detector  is  zero,  and  hence  the 
same  is  true  for  any  detector.  ■ 

The  result  of  Proposition  3.4  is  of  special  importance  in  a  near-far  environment,  where  the 
received  signals  have  different  energies,  and  where  the  energy  ratios  may  vary  continuously  over  a 
broad  scale  if  the  positions  of  the  users  evolve  dynamically.  In  this  environment  any  decorrelating 
detector,  with  its  linear  time-complexity  per  bit,  offers  the  same  near-far  resistance  as  the  optimum 
multiuser  detector,  whose  time-complexity  per  bit  is  exponential. 


Proposition  3.5:  If  the  signature  waveforms  are  linearly  independent,  the  k^^  user  asymptotic 
efficiency  of  the  decorrelating  detector  is  lower  bounded  by: 


- 


1 


4  •^max/^in 


*  ^kk  ('^niax/^inin  +  1)^ 


where  Arim  and  Amin  are  the  largest  respectively  smallest  eigenvalues  of  R. 


(3.40) 

0 


This  gives  a  lower  bound  of  .89,  .75,  .56,  .33  and  .04  for  a  spectral  condition  number  Amax/Amin 
of  2,3,5, 10  and  100,  respectively.  As  always  when  dealing  with  matrix  inversion,  a  small  eigenvalue 
spread  is  desirable. 
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Proof:  We  use  Kantorovich’s  inequality  [Horn  85,  p.444],  which  states  that,  given  a  positive  definite 
matrix  B  with  eigenvalues  0  <  Ai  <  ...  <  A„, 

11*112  ^  (x»Bx)(x*B-ix)  (3.41) 

(Ai  +  An) 

for  all  X  G  C".  Moreover,  there  is  a  unit-norm  vector  x  for  which  equality  holds.  Proposition  3.5 
follows  by  letting  x  be  the  unit  vector,  and  using  the  fact  that  =  1.  ■ 

Numerical  examples 

The  following  examples  illustrate  the  difference  between  the  error  probability  behavior  of  the 
conventional  and  of  the  decorrelating  detector,  for  a  3-user  and  for  a  6-user  environment.  The 
waveforms  used  are  Spread-Spectrum  m-sequences  of  length  31.  The  first  example,  shown  in  Figure 
1,  employs  the  set  of  3  sequences  reported  in  [Gar  80,  Table  5],  to  be  optimal  with  respect  to  a 
signal-to-multiple-access  interference  parameter  when  the  conventional  detector  is  used.  These 
sequences  have  also  been  used  in  related  works  ([Ger  82],  [Ver  86a]). 

The  second  example.  Figure  2,  uses  the  set  of  auto-optimal  m-sequences  of  length  31  found 
in  [Pur  79,  Fig.  A.l]  to  be  optimal  with  respect  to  certain  peak  and  mean-square  correlation 
parameters  which  play  an  important  role  in  the  error  probability  analysis  of  the  conventional 
detector.  The  figures  show  the  error  probability  of  User  1  in  a  baseband  environment  (where  the 
crosscorrelation  values  are  highest)  with  equal  energy  interferers,  whose  energj'  ratio  to  User  1  is 
the  parameter  which  indexes  the  different  error  probability  curves  for  the  conventional  receiver. 
Also  shown  are  the  error  probability  of  the  decorrelating  detector  for  user  1  and,  for  comparison 
purposes,  the  error  probability  of  the  single  user  channel.  Note  that  the  former  is  independent 
of  the  energy  of  the  interferers.  The  matrix  R  is  given  for  interest,  as  well  as  the  decorrelating 
detector  asymptotic  efficiencies  of  all  the  users. 

Both  figures  illustrate  the  strong  dependence  of  the  performance  of  the  conventional  receiver  on 
the  relative  energies  of  the  active  users,  and  the  fact  that  the  error  probability  of  the  conventional 
receiver  becomes  irreducible  even  for  vanishing  background  noise  levels  if  the  interference  energy  is 
high  enough.  For  6  users  the  latter  is  seen  to  happen  if  each  of  the  interferers  has  more  than  1/3  the 
power  of  User  1.  Only  if  the  multiple-access  interference  level  plays  a  negligible  role  compared  to 
the  background  noise  does  the  conventional  detector  outperform  the  decorrelating  detector,  which 
pays  a  penalty  for  combatting  the  interference  instead  of  ignoring  it. 
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PROBABILITY  OF  ERROR 


crosscorrelation  matrix  R : 

1.00  0.55  0.61 

0.55  1.00  0.81 

0.61  0.81  1.00 

decorrelating  asymptotic  efficiencies  of  ail  3  users 
0.78  0.59  0.55 


Fig.  1.  Error  probability  of  User  1  with  2  active  equal  energy  interferers, 
each  of  energy  wj,  averaged  over  the  interfering  bit  sequences,  for  the 
decorrelating  and  conventional  receiver  versus  the  of  User  1, 
for  m-sequences  of  length  31  and  different  interference  levels. 


The  same  sets  of  sequences  are  used  to  illustrate  the  error  probability  constellation  in  the 
asynchronous  case  (Section  4.3,  Fig.  26,  27).  The  single  error  probabilities  can  be  seen  to  be  lower 
in  the  asynchronous  case,  though  the  qualitative  relations  stay  the  same. 

Figure  3  shows  the  asymptotic  efficiency  of  User  1  achieved  by  the  conventional  detector, 
the  optimum  multiuser  detector  and  the  decorrelating  detector,  for  two  users  with  crosscorrelation 
coefficient  R\2  =  p,  versus  the  square  root  of  the  energy  ratio  of  the  two  users.  The  figure  shows  the 
good  performance  of  the  optimum  detector,  who  asymptotically  performs  as  well  as  in  the  absence 
of  a  second  user,  if  this  user  is  powerful  enough;  the  decay  to  zero  of  the  asymptotic  efficiency 
of  the  conventional  detector  for  relatively  low  interference  power,  and  the  energy  independence  of 
the  asymptotic  efficiency  of  the  decorrelating  detector,  which  is  much  superior  to  the  conventional 
detector  except  for  very  low  interference. 
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PROBABILITY  OF  ERROR 


crosscorrelation  matrix  R : 

1.00  0.35  0.23  0.35  0.35  0.48 

0.35  1.00  0.48  0.48  0.61  0.35 

0.23  0.48  1.00  0.74  0.48  0.35 

0.35  0.48  0.74  1.00  0.74  0.35 

0.35  0.61  0.48  0.74  1.00  0.35 

0.48  0.35  0.35  0.35  0.35  1.00 

decorrelating  asymptotic  efficiencies  of  all  6 
0.83  0.73  0.62  0.49  0.58  0.83 


Fig.  2.  Same  as  Fig.  1,  with  5  active  equal  energy  interferers. 


ASYMPTOTIC^ 
EFFICIENCY 
USER  1 


- OPTIMUM  MULTIUSER  DETECTOR 

- DECORRELATING  DETECTOR 

- CONVENTIONAL  SINGLE-USER  DETECTOR 


l-P* 


V 


\ 


N 


-J - - -  - ==r 

\P\  l/|Pl  ^Wj/W, 


Fig.  3.  Asymptotic  efficiencies  in  the  2-user  case  [p  =  0.6) 

The  *  indicates  the  asymptotic  efficiency  of  the  best  linear  detector. 


I 

users: 


I 
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3.4  Optimality  criteria  leading  to  the  decorrelating  detector 


In  this  chapter  we  assume  that  R  is  invertible  and  present  a  number  of  optimality  criteria 
which  lead  to  the  decorrelating  detector,  thus  providing  further  justification  for  its  study.  We 
have  already  mentioned  (Section  3.3)  that  the  decorrelating  detector  is  the  optimal  strategy  in  the 
absence  of  noise. 


Proposition  3.6:  The  decorrelating  detector  is  the  maximum  likelihood  detector  in  the  case  when 
the  energies  are  not  known  to  the  receiver.  0 

Proof  :  The  maximum  likelihood  receiver  selects  the  decisions  that  maximize  the  maximum  of  the 
likelihood  function  over  the  unknown  parameters  ([Poor,  Ch.2],  [Hel,  p.  291]),  i.e. 

-r  K 


f  _  _ 

b  G  arg  min  min  /  [  r(t)  -  hu  yfwZ  sJt)  ]" 


dt 


k=l 


J  r^{t)  dt  -  2y^Wb  +  b^WRWb 


=  arg  min  mm 


=  sgn  ( arg  min  R  x  -  2  y  =  sgn  R“^  y 
\  xeJ?^  / 


(3.42) 


Proposition  3.7:  The  decorrelating  detector  is  the  limit  as  the  Gaussian  noise  level  tends  to  zero 
(<7  — *■  0)  of  the  minimum- variance  linear  estimate  of  b  given  y,  followed  by  a  sign  decision.  0 

Proof  :  The  minimum-variance  linear  estimate  (e.g.  [Lue,  p.  87])  of  b  given  y  is  b  =  T*y  where 

T*  =  arg  min  ^  ^  ((Ty  -  b|p  (3.43) 

TefiA  xK 

The  expectation  is  with  respect  to  the  noise  and  to  the  transmitted  information  vector,  the  two  of 
which  are  independent,  and  ||  ■  ||  is  the  Euclidean  norm.  From  the  Projection  theorem,  the  optimum 
estimate  is  obtained  when  each  component  of  the  estimation  error  is  orthogonal  to  each  component 
of  the  measurement  vector  y.  Thus 

7-1  _ 


EliTy  -  b)y^]  =  0 


whence, 


_  r  rv.  ..T]  fr  [..^T 


-1 


a  441 


Since  the  bits  transmitted  by  different  users  are  independent  of  each  other  and  of  the  background 
noise,  the  above  expectations  are 

E  [b  y^]  =  E[h  (b^WR  +  n^)]  =  W  R  (3.45) 

and 

E  [yy^]  =  E  [(RWb  +  n)  (b^WR  +  n^)]  =  R  R  +  a^R  ,  (3.46) 

so  that  the  minimum-variance  linear  estimate  is  given  by 

T*  =  W  R  (R  R  -f.  =  W  (R  w2  -)-  £r2i)-l  ^3  47) 

and 

lim  T*  =  W“^  R-^  .  (3.48) 

Finally,  since  in  order  to  use  the  additional  information  that  b  is  binary  data,  a  sign  decision  is 
taken  on  b,  multiplication  by  the  diagonal  matrix  with  positive  entries  W~^  does  not  affect  the 
resulting  decision  b,  and  can  thus  be  omitted.  ■ 

(3.8);  The  decorrelating  detector  is  the  analogue  in  multiuser  communication  of  the  zero-forcing 
solution  to  the  problem  of  minimizing  peak  distortion  in  automatic  equalization.  0 


In  his  pioneering  paper  [Luc  65],  Lucky  considers  the  automatic  equalization  problem  of  recov¬ 
ering  the  term  Oo  from 


—  ho  Oo  "h  T~  ^  ^  On  h_n 

L  n^O  J 


(3.49) 


where  the  second  term  constitutes  intersymbol  interference  and  the  hn  depend  linearly  on  the  set 
of  N  parameters  Cj,j  £  (called  tap  gains),  which  the  system  designer  is  free  to  choose,  via 


hn  —  y  '  Cj  In— 7 


(3.50) 


The  criterion  Lucky  chooses  to  minimize,  since  it  is  the  maximum  value  the  intersymbol  interference 
term  can  assume,  is  the  so-called  peak  distortion 


C  ^  f  E  Iftnl. 


(3.51) 
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Under  the  condition  that  the  level  of  the  initial  distortion  Do  =  ^  |  in  |  is  less  than  1,  Lucky 

n^O 

shows  that  the  zero-forcing  solution  is  optimal,  namely  to  choose  the  tap  gains  which  simultaneously 
cause  /in  =  0,  for  all  n  €  Kff,njt0. 

Setting  our  problem  up  along  these  terms,  we  have  (for  User  k) 


6*  =  v^y  =  ^  rjv^bj  +  n'^ 


therefore  in  our  case  the  peak  distortion  is 


^(v)  =  -^  S  I  rjv  1  ./5, 


(3.52) 


(3.53) 


From  here  it  is  apparent  that  the  decorrelating  detector  would  be  optimal  if  we  wanted  to  minimize 
the  peak  distortion,  a  trivial  result  in  this  case,  since  in  our  case  we  have  the  same  number  of  tap 
weights  as  of  interfering  samples,  which  means  that  we  can  force  the  peak  distortion  to  zero.  Note 
that  the  asymptotic  efficiency  can  be  expressed  in  terms  of  the  peak  distortion  D  «is 


»?/t(v) 


r^v(l  -  Djv)) 
y/v^  Rv 


(3.54) 


and  we  show  in  Section  3.5  that  though  in  general  the  zero- forcing  solution  (i.e.  the  decorrelating 
detector)  is  not  the  optimal  linear  rule,  there  exists  a  region  of  energies  where  it  is.  In  his  formulation 
of  the  problem  Lucky  neglects  additive  background  noise,  and  motivates  his  choice  of  the  peak 
distortion  criterion  with  the  words  “it  is  a  minimax  criterion  in  that  we  seek  to  maximize  the 
customer’s  minimum  margin  against  noise  over  all  data  sequences”.  A  more  appropriate  procedure 
might  be  to  also  take  into  account  the  noise,  since  the  noise  variance  is  also  affected  by  the  equalizer. 
In  this  case  one  would  maximize  a  functional  equivalent  to  the  asymptotic  efficiency. 
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3.5  The  optimum  linear  multiuser  detector 

We  now  turn  to  the  question  of  finding  the  optimum  linear  detector.  We  have  seen  that  this 
is  a  fruitful  approach,  since  a  particular  type  of  linear  detector,  the  decorrelating  detector,  offered 
a  substantial  improvement  in  asymptotic  efficiency  compared  to  the  single-user  detector,  while  its 
near-far  resistance  equaled  that  of  the  optimum  multiuser  detector.  While  we  now  know  that  no 
detector,  either  linear  or  nonlinear,  can  outperform  the  decorrelating  detector  with  respect  to  near- 
far  resistance,  for  fixed  energies  it  is  indeed  possible  to  obtain  linear  detectors  that  have  a  higher 
asymptotic  efficiency  than  the  one  achieved  by  the  decorrelating  detector. 

We  find  the  linear  detector  which  maximizes  the  asymptotic  efficiency  (or  equivalently  min¬ 
imizes  the  probability  of  bit  error  in  the  low-noise  region)  and  compare  the  achieved  asymptotic 
efficiency  to  the  ones  achie%'ed  by  the  conventional  and  optimal  detectors.  Thus  we  ask  which 
mapping  T:  IR^  -*  IR^  maximizes  the  asymptotic  efficiency  of  the  decision  scheme 

b  =  sgn  (  Ty  )  =  sgn  (  TRWb  -I-  Tn  )  .  (3.55) 

The  interpretation  of  this  optimization  problem  in  terms  of  decision  regions  is  to  find  the 
optimal  partition  of  the  K  -dimensional  hypotheses  space  into  K  decision-cones  with  vertices  at 
the  origin.  The  surfaces  of  these  cones  determine  the  columns  of  the  inverse  T~^  of  the  desired 
mapping.  Application  of  T  on  the  cone  configuration  will  map  the  cones  on  quadrants,  after  which 
a  sign  detector  is  used. 

Letting  denote  the  row  of  T,  the  user  asymptotic  efficiency  of  a  general  linear 
detector,  as  given  by  (3.55)  was  derived  in  (3.32): 

-  ,5.  I 

77jt(T)  =  max^  {0,  - ^ 

The  best  linear  detector  has  the  asymptotic  efficiency 

r/[  =  sup  7?t(v)  .  (3.57) 

veJR^’ 


Hence  the  asymptotic  efficiency  of  the  best  linear  detector  is  equal  to 


r}[  =  sup 


max^  {0, 


=  max^  {0,  sup  rjki'^)} 


with  r?i(v) 


(3.58) 


(3.59) 


In  order  to  minimize  the  probability  of  bit-error,  P/i,  we  have  to  maximize  the  smallest  argument  in 
the  sum  of  Q-functions,  and  equivalently  maximize  the  asymptotic  efficiency  %(v),  with  respect  to 
the  components  of  the  vector  v.  Since  the  map  applied  on  the  matched  filter  outputs  is  linear,  the 
asymptotic  efficiencies  of  all  the  users  can  be  simultaneously  maximized,  each  such  maximization 
yielding  the  corresponding  row  of  the  map  to  be  applied. 

For  the  sake  of  clarity  we  first  consider  the  two-user  case,  for  which  explicit  expressions  for  the 
maximum  linear  asymptotic  efficiency  can  be  obtained. 


3.5.1  The  two-user  case 


Throughout  this  subsection  we  denote  the  normalized  crosscorrelation  between  both  signals 
by  /)  =  Ri2.  Without  loss  of  generality,  let  k  =  1.  We  first  give  an  explicit  expression  for  the 
optimum  linear  detector: 


Proposition  3.9  :  The  !•**  user  optimal  linear  transformation  Ti(y)  =  v^y  on  the  matched  filter 
outputs  prior  to  threshold  detection  is  given  by 


V^’ 

[1  -  sgn^  \/w2/wi]  ,  if  y/w2/wi  <  IpI 

[1  -  p]  ,  otherwise  . 


=  [  1  ;  -sgnp  min 


(3.60) 

(3.61) 


0 


Note  that  [l  -  p]  is  the  1*^ 
Proof  :  We  have 


row  of  the  decorrelating  detector. 


T 

v'  = 


[1 


;  ut] 


(3.62) 
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»?l(v) 


rjv  -  I  r^v  \^wjlwk 
Vv^Rv 

1  +  p  V2  -  I  p  +  1’2 

^1  +  2p  t;2  +  ^2 


(3.63) 


and  the  objective  is  to  maximize  the  right-hand  side  of  (3.63)  with  respect  to  V2.  We  consider 
the  case  |p|  =  1  separately.  Equation  (3.63)  depends  on  the  user  energies  only  through  the  ratio 
r  =  \/w2l'W\.  With  this  substitution 

.  ,  1  +  PU2-I  ^+V2  I  r 

mivi)  =  - /  •  (3-64) 

y'l  -b  2p  ^2  + 


a)  Case  |pl  1  :  Introduce  an  indicator  function  for  the  absolute  value  term,  as  follows. 


p  +  Vo  >0 

/ 

=  -1, 

p  -b  VO  <  0 

(3.65) 

1  0  , 

else  . 

Then 

dm 

dv2 

(  1  -  p-  )  (  ^  ^  +  V2) 

(  1  +  2p  Vo  +  v| 

(3.66) 

Therefore  we  should  take 

V2  =  —I  r 

when  this  is 

consistent  with  the  definition  of  /  as 

a  function 

of  I'o.  Thus, 

V2  =  r 

if  /  =  -1 

<=>  0  <  r  <  — p 

V2  —  -r 

if  /  =  1 

<=>  0  <  r  <  p  . 

(3.67) 

As  can  easily  be  seen,  both  values  correspond  to  maxima.  If  neither  of  these  conditions  is  met,  the 
derivative  does  not  have  a  zero.  The  optimal  value  for  t;2  can  be  determined  from  a  closer  look 
at  the  behavior  of  dr]i/dv2  of  (3.66),  shown  in  Figure  4  for  both  /  =  1  and  /  =  -1.  Looking  at 
the  curves  we  see  the  following.  For  both  7=1  and  /  =  —  1,  the  derivative  of  qj  is  positive  for 
V2  smaller  than  the  abscissa  of  the  zero  of  the  derivative  (which  is  equal  to  -I  r),  and  negative 
afterwards.  Due  to  the  nonlinearity  of  771  the  derivative  has  the  form  corresponding  to  /  =  —  1 
for  V2  <  —  P  and  the  form  corresponding  to  /  =  1  afterwards.  The  dashed  lines  show  possible 
positions  of  — p  on  the  V2  cixis.  Depending  on  where  — p  is  located  relative  to  — r  and  r,  the  resulting 
derivative  will  have  a  zero  (this  happens  when  — p  <  —r  or  — p  >  r).  or  not  (otherwise).  In  the 
latter  case,  since  the  second  branch  (for  /  =  1)  turns  negative  before  the  first  one.  we  have  to  take 
the  largest  value  of  V2  yielding  a  positive  derivative  on  the  first  branch.  It  can  easily  be  seen  that 
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Fig.  4.  Behavior  of  the  derivative  in  (3.66). 


in  the  “no-zero”  case,  -r  <  -p  <  r,  this  is  the  point  of  discontinuity,  i.e.  V2  =  — p.  Note  that  for 
p  =  0  we  get  =  [1  0],  the  identity  transformation,  as  expected,  since  then  the  users  are 
decoupled  and  a  single-user  detector  is  optimal.  By  Ukinc  the  inverse  of  R  we  also  see  that  in  the 
“no-zero”  case  the  optimal  transformation  vector  is  exactly  the  corresponding  row  of  the  inverse 
correlation  matrix. 

b)  Case  |p|  =  1  :  Equation  (3.64)  becomes 


Vi{v2) 


1  +  sgnp  V2  -  |1  +  sgnp  V2\  r 
|1  +  sgnp  V2\ 
sgn  (1  4-  sgnp  V2)  -  r  . 


(3.68) 


We  see  that  for  r  <  1,  any  V2  satisfying  V2  sgnp  >  —  1  is  optimal,  in  particular  the  one  given  in 
(3.61).  Otherwise  the  asymptotic  efficiency  of  the  best  linear  transformation  is  0,  hence  all  linear 
transformations  are  equivalent.  Substituting  the  result  of  Proposition  3.9  into  the  asymptotic 
efficiency  of  (3.64),  we  obtain  the  following. 


Proposition  3.10  : 

equals  ; 


The  user  asymptotic  efficiency  of  the  optimal  linear  two-user  detector 


1  -  2)p|(u',/u't)^/^  -1-  u'i/wi;  ,  if  (tt',/u-fc)^/-  <  IpI 
1  -  p2  ,  otherwise 


(3.69) 
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for(t,fc)€{(l,2),(2,l)}. 


0 


The  user  asymptotic  efficiency  obtained  in  the  range  <  |p|  equals  the  optimum 

asymptotic  eillciency,  obtained  in  (3.12).  Even  where  it  equals  the  decorrelating  detector,  outside 
the  region  of  optimality,  the  best  linear  detector  shows  a  far  better  performance  than  the  conven¬ 
tional  single  user  detector  (see  Figure  3),  since  if  wjwk  >  then  t][  is  independent  of  wilwk, 
whereas  according  to  (3.7)  the  asymptotic  efficiency  of  the  convention^  detector  is  equal  to  zero 
for  Wi/wf;  > 

There  is  an  intuitive  interpretation  of  the  dual  behavior  of  the  best  linear  detector  and  of  the 
boundary  point  r  =  \p\.  The  input  to  the  threshold  device  corresponding  to  the  first  user,  zi  =  v^y, 
has  three  components: 

Zi  =  y/wl  [1  -  p*-|-p  (p  -I-  I'o)]  hi  (3.70) 

+  [  r  {p  +  V2)\  b2  +  h,  n  ~  A"(0,tT-[l  -  p- -)- (p -I- no)*]). 

For  r  >  IpI,  the  second  term  outweighs  the  second  part  of  the  first  term,  so  the  best  one  can 
do  is  to  eliminate  it,  by  choosing  1/3  =  -P  decorrelating  detector).  Since  this  minimizes  the 
noise  variance  at  the  same  time,  it  is  the  best  strategy  in  this  region.  If,  however,  r  <  |p|,  and  if 
additionally  no  is  such  that  the  term  p(p  -I-  n2)  is  positive,  it  is  a  better  policy  to  allow  interference 
from  User  2,  which  is  compensated  by  the  second  part  in  the  first  term,  and  use  the  residual  positive 
contribution  in  the  first  term  to  increase  the  SNR  compared  to  the  decorrelating  case.  We  have 
seen  that  this  strategy  leads  to  the  same  performance  as  the  more  complex  majcimum  likelihood 
detector. 

Note  that  in  the  two-user  case  the  signal  energies  and  crosscorellations  cannot  be  picked  such 
as  to  allow  both  users  optimal  performance  at  the  same  time:  for  User  1  we  need  r  <  |p|  <  1, 
whereas  for  User  2  we  need  r  >  >  1. 
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3.5.2  The  K-user  case 


Unlike  Propositions  3.3  and  3.10,  in  th:  general  K-user  case  it  is  not  feasible  to  obtain  an 
explicit  expression  for  the  asymptotic  efficiency  achieved  by  the  best  linear  detector. 

Proposition  3.11;  The  user  asymptotic  efficiency  of  the  best  linear  detector  equals; 


7/[  =  max^  {0,  max  rj  (e)}  with  r/  (e)  =  sup  v^Rv 

v^’Rv  =  1 
tjrTv>0 


where  the  component  of  Vo  is  equal  to  (vo),  =  |  »  i  ^  k 

I  1  ,  i  =  k 

Then  the  maximum  T;(e)  is  achieved  for  v  such  that 


(3.71) 


-  Ji^k 

(vJRvo+vJR  Yi 

(3.72) 

V  >  0  for  j  k 

(3.73) 

r J  V  ^  0  =>  Xj  =  0 

(3.74) 

Aj  >  0  j  ^  k 

(3.75) 

Proof  ;  Let 


From  (3.59)  we  seek 


5t  =  {x  €  :  rjx  >  0  } 

SJ  =  {x  e  :  rjx<0} 


=  max 


_  sup  -===(rTv  -  Ir^v 

v,ns;'  k 


(3.76) 


(3.77) 


=  max  77(e)  ,  with  rjie)  =  sup  -  _.= 

j  1 


&) 


(3.78) 
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From  the  dehnition  of  Vo  we  see  that  the  term  in  parentheses  equals  vjRv.  Now  v  €  05*''  <=> 

i  ^ 

>  0,  j  ^  k  and,  since  is  invariant  to  scaling  of  v,  maximization  of  the  given  functional 
over  is  equivalent  to  maximization  over  the  ellipsoid  v^Rv  =  1. 

This  proves  the  first  part  of  Proposition  3.11.  We  now  have  a  sequence  of  two  maximizations  to 
perform,  where  the  second  one  has  the  explicit  form  of  an  exhaustive  search.  We  turn  our  attention 
to  the  inner  maximization  in  (3.78).  We  first  show  that  it  is  possible  to  replace  the  feasible  set 
therein  by  an  equivalent  convex  set,  i.e.,  the  asymptotic  efficiency  is  unchanged  if  we  replace 


V{e) 


sup 

vT  Rv  =  1 


ej-rj  v>0 


by  j?(e)  =  sup  v^Rv  . 

vT  Rv<  1 
e^rTvio 


(3.79) 


In  order  to  show  (3.79),  let  y  =  R^/^v  ,  zj  =  row  of  R^/^.  Then  it  follows  that  rjv  =  zjy, 
vjR'/-  =  yl,  v^Rv  =  y^y  =  ||y||2,  and 

T)(e)  =  sup  yly  =  sup  ||yo||||y||  cos  o  (3.80) 

llxll  =  1  lly||  =  1 

«j*J'y>o  «j*J’y>o 

where  o  is  the  angle  between  the  vectors  y^  and  y.  Since  the  inequality  constraints  are  linear  and 
partition  the  space  into  convex  cones  with  vertex  at  the  origin,  the  optimal  angle  a  is  independent 
of  j|y(|.  Either  the  optimal  cos  a  is  nonnegative,  in  which  case  r)(e)  is  maximized  for  ||y||  maximal 
in  both  versions,  or  it  is  negative,  in  which  case  77(e)  <  0.  In  either  case  the  value  of  77^,  which 
involves  comparison  with  0,  is  unchanged  if  the  maximization  is  performed  over  the  interior  of  the 
ellipsoid,  which  completes  the  proof  of  the  claim. 


We  now  have  to  consider  the  following  problem: 


77(e)  =  inf  -  vjRv  . 

vCH" 

v^Rv-l<0 

-ejrJvKO 


(3.81) 


Since  this  is  a  minimization  problem  of  a  continuous  real  function  on  a  compact  set,  it  achieves 
a  minimum  on  the  set  [Rud,  Thm.  4.16].  Since  both  the  cost  function  and  the  feasible  set  are 
convex,  any  local  minimum  is  a  global  minimum.  Let  v  be  a  minimizing  v,  unique  up  to  addition 
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of  a  vector  in  the  nullspace  of  R.  Since  all  the  functions  are  differentiable,  we  can  apply  the 
Kuhn-Tucker  conditions  ,  e.g.  [Bro],  to  get,  from  condition  (1), 


hence,  since  r  =  Ruj, 


Rvo  +  Ao  2  Rv  -  =  0 


j^k 


(3.82) 


with  Uj  the  unit  vector,  as  defined  above.  Equations  (3.73)  and  (3.74)  result  from  the  Kuhn- 
Tucker  conditions  (2)  and  (3),  condition  (3.75)  expresses  the  nonnegativity  requirement  for  the  A,. 
There  is  one  more  constraint  to  satisfy,  which  is  v^Rv  =  1  (we  know  from  (3.79)  that  the  bound 
is  achieved)  : 

1  =  v^Rv  =  _{vjRv+  ^  (3.83) 

2  2  A„ 

We  used  condition  (3.74)  to  get  the  last  equality.  So 


2  A<,  =  vjRv  =  J7(e) 


(3.84) 


and  since 

vJRv  =  T^(  v^Rvo  -b  VpR  ]^AjejUj  ) 

2  j^k 

we  get 

2  Ao  =  (vjRvo -f  vjR  ^AjCjU^  )^/^  (3.85) 

i^k 

Together  with  equation  (3.82)  this  completes  the  proof  of  Proposition  3.11.  ■ 

We  would  now  like  to  have  an  explicit  procedure  to  find  the  maximizing  vector  v  given  im¬ 
plicitly  by  Proposition  3.11.  Next  we  give  an  algorithm  which  solves  this  problem.  The  idea  is  the 
following:  condition  (3.74)  states  that  if  the  maximizing  vector  v  lies  in  the  intersection  of  a  subset 
of  the  delimiting  hyperplanes  with  equations  rjv  =  0,  ji  G  5,  with  S  the  index  set  of  the  specific 
hyperplanes,  only  the  Ay  ,  j  E  S  are  possibly  nonzero  and  enter  into  the  expression  defining  v. 
Thus  we  have  |5|  equations  with  |5|  unknowns,  which  we  can  solve  to  get  the  A,,  and  then  v. 

Kuhn-Tucker  conditions  for  minimum  of  differentiable  convex  function  F{z),  subject  to  the  set  of  differentiable 
convex  constraints  f{(x)  <  0,  t  =  1,  ...K  ;  i  is  a  minimum  of  F{x)  if  and  only  if  there  exist  nonnegative  A,-,  «  =  1,  ...A' 

such  that  (1)  Vf(i)-i-  ^A,  V/,(i)  =  0,  (2)  /,(r)  <0,  all  i,  (  r  feasible  ),  (3)  /,(x)  /  0,  =!>  A,  =  0. 
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In  order  to  state  (and  prove  the  correctness  of)  an  algorithm  that  finds  the  optimum  linear 
transformation,  the  following  terminology  will  be  used. 


Definition!  :  Let  5  be  an  index  set  {ji  .72,..  0<n<A'-l,  with  ji . labeled 

in  increasing  order.  Define 


T 

Ty  Vo 

Rjj^ 

^jin 

DsU)  =  det 

T 

rjvo 

^j\h  ■ 

■  ^hjn 

(3.86) 

T 

^jnh 

^jnjn 

Definition  2  :  We  introduce  an  indicator  for  the  second  Kuhn- Tucker  condition: 

If  ej  Ds(j)  >  0  then  CgU)  =  yes  ,  else  Cs{j)  =  no  (3.87) 

Definition  3  :  An  n-tuple  S  of  {l,..,A'}-{ifc}  is  matched  if  for  all  i  6  5  : 

C’s-{i}  (0  =  no. 

Definition  4  ■  An  n-tuple  S  contains  a  basis  B  if  is  a  basis  for  {rj\jeS}. 
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Proposition  3.12  :  The  following  algorithm  finds  a  vector  v  achieving  the  maximum  in  Propo¬ 
sition  3.11  : 


[A]  Search  for  the  index  set  with  least  cardinality  S  Cll.-.-.A-J-l/t},  for  which  A,,  ie5,  are  pos¬ 
sibly  nonzero 

n  ;=  0 

all  n-tuples  :=  untried;  So  :=  matched 
while  n  <  K-2 

while  there  is  stiU  an  untried  n-tuple  containing  a  matched  basis  B 

select  untried  matched  n-tuple  :=  5n,  contained  matched  basis  :=  B 
if  V  j  ^  Sn,j  #  k  Cb  (j)  =  yes,  return  Sn,  B,  stop 
else  Sn  :=  tried 
return 
n  :=  n-l-1 
return 

print  “decorrelating  detector  is  optimal”,  output 
stop 


[B]  Computation  of  the  A,  : 


i  ^  B:  A,  =  0 


[C] 


i  £  B  :  Aj  are  the  solutions  of  the  |B|  equations  in  |B|  unknowns  rjv  =  0,  i  6  B,  where 

V  =  Vo  +  E  AjCjUj 
i€B 

Vo  +  E 

V  =  _ iM _ ^ _  . 

(vjRvo -I- vjR  E 
i£B 


0 


Comment  :  Recall  that  this  procedure  has  to  be  repeated  for  all  the  different  ey  in  search  of  the 
maximal  77(e)  value,  until  either  the  efficiency  T7(e)  reaches  the  upper  bound  given  by  the  optimaJ 
detector,  or  all  2^  possibilities  have  been  exhausted.  Prior  to  running  the  algorithm,  the  sufficient 
conditions  given  in  Propositions  3.13  and  3.14  should  be  checked. 
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Proof:  Conditions  (3.72)  and  (3.74)  axe  obviously  satisfied  by  construction  of  v  in  [C],  and  the 
requirement  rjv  =  0  for  the  possibly  nonzero  Aj  in  [B].  To  prove  conditions  (3.73)  and  (3.75), 
consider  the  system  of  |J?|  linear  equations  in  |B|  unknowns  of  [B].  From  [A]  the  set  B  is  matched, 
and  satisfies  Cg  (j)  =  yes  for  all  j  ^  k,j  ^  5„.  We  have  to  show: 

a)  A,  >  0  ,  for  all  i  =  l,2,...,/v. 

b)  Cb  (j)  =  yes  for  all  j  ^  k,  j  ^  Sn  is  equivalent  to  condition  (3.73). 

a):  A,  =0,  i  ^  B,  by  construction  of  the  index  set  Sn  and  [B].  For  i  £  B  : 

In  step  [B]  we  solve  r^-.rv  =  0,  all  i  =  1,2,...,|jB|  :  (let  |B|  =  n) 

rJiVo  +  ^h^jiRhh  +  •  *  *  +  ^jn^inR-hin  =  0  (3-88) 

rjj  Vo  +  Ajj  +  . . .  +  Aj„  e_,„  Rj^j„  =  0 


>*Jn  Vo  +  Aji  Cj,  Rj„j,  +  •  •  •  +  Aj„  Rj„j„  =  0  . 


Denote  hy  Db  the  determinant  of  the  coefficient  matrix  of  the  Ay.ey^..  This  coefficient  matrix  is  the 
reduction  of  R  to  rows  and  columns  indexed  by  elements  of  B.  Therefore  it  is  nonnegative  definite, 
which  implies  Db  >  0.  However,  because  B  is  a  basis,  the  signed  set  restricted  to  indices  in  B  is 
linearly  independent  ,  therefore  is  strictly  positive.  Then,  by  Cramer’s  rule. 


-  ~  ^ii 


DB-{3i)  (7») 


(3.89) 


The  numerator  is  obtained  by  i  row  flips  and  i  column  flips  in  order  to  get  jj  into  position  (1,1). 
Since  the  set  B  is  matched,  the  numerator  is  nonnegative.  As  obtained  above,  the  denominator  is 
positive,  hence  A,  >  0  for  all  i  G  B.  This  completes  the  proof  of  a). 


b):  Since  rjv  =  0,  j  G  B  and  5  is  a  basis  of  Sn,  rjv  =  0,  j  G  5„.  For  j  ^  5„,  j  ^  k  : 

71) 

B  is  a  basis  (  Voefl'®*.  3ie{l,...,/v}  s.t.  ^  ~  OiS-ij  ^  0  ) 

jeB 

T 

<=>  (Vo6/?l®'.3je{l . K}  s.t.  l['^Oi-Si{t)]sj(t)dt3t0) 

0  jes 

=>  {  s, ■(<),«  €  B  }linearly  independent 
(The  converse  is  also  true,  ais  is  easily  seen). 


( 
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With  the  values  obtained  for  A  compute  the  “feasibility”  expressions  (omitting  the  positive  denom¬ 
inator)  : 

eyrjv  =  CjtJ  (  Vo  -1-  ^  A.ejUj  ) 
ieB 

=  +  53  Rji  ) 

ieB 

=  ej  DbU)  >  0,  since  CbU)  =  yes, ^i^SnJ^k  .  (3.90) 

J->B 

The  last  equality  is  obtained  by  expanding  along  the  first  row  oi  Db  (j)-  This  completes  the  proof 
of  b).  By  construction  the  algorithm  terminates  after  at  most  K-2  steps.  ■ 

In  Part  [A]  of  the  algorithm  notice  that  n  =  0  corresponds  to  a  solution  in  the  interior  of  the 
feasible  cone,  with  all  A  equal  to  zero,  and  v  =  vo/v/v^  Rvo.  The  corresponding  asymptotic  efficiency 
T7^(e)  =  vjRvo,  which  is  equal  to  the  asymptotic  efficiency  of  the  maximum  likelihood  detector 
as  given  by  (3.11).  Call  this  case  “the  optimality  case”.  On  the  other  hand,  n  =  1  corresponds  to 
a  solution  on  exactly  one  of  the  delimiting  hyperplanes,  with  exactly  one  A  nonzero  (let  it  be  A^). 
Then  Aj  is  found  in  [B]  by  setting 

rjv  =  0  =>  rj  (Vo  +  AjejUj)  =  0 
^  Xj€j  ~  /  ^jj 


Therefore, 

1 

V  =  „rd^O  if  Uj) 

7?(e)  itjj 

(3.91) 

and 

2.  N  Tt,  (rjvo)^ 

r(e)  -  vJ^Rvo  -L 

(3.92) 

The  asymptotic  efficiency  achieved  in  this  case  is  bounded  above  by  the  one  for  n  =  0,  since  the 
second  term  is  nonnegative.  If  the  matrix  R  does  not  have  a  lot  of  structure,  which  is  to  be  expected 
in  practical  applications,  this  is  the  most  probable  case.  For  increasing  n  the  computational  effort 
grows  fast,  but  in  most  cases  the  algorithm  will  terminate  for  very  small  n. 

We  also  have  an  explicit  solution  for  the  “terminal  case”,  n=A'-i,  which  corresponds  to  the 
decorrelating  detector  case.  Then  without  loss  of  generality  v  =  a  scaled  version  of 

the  column  of  any  generalized  inverse  of  R,  in  particular  of  R"*",  and  r;(e)  =  which 
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is  equal  to  the  user  asymptotic  efficiency  of  the  decorrelating  detector.  This  can  be  showed  as 
follows:  In  the  terminal  case  rjv  =  0,  for  all  j  ^  fc.  Hence 


77(e) 


max 

v^Rv  =  max 

rTv  =  max 

veil 

°  v€R 

^  vefi 

vRv  =  1 
rTv  =  0 

1-Tv  =  0 

j 

< 

(1 

c 

fr 

1 

t^r^v  =  1 

(3.93) 


If  User  k  is  dependent,  rjv  =  0,V>/Jb  implies  rjv  =  0,  hence  the  feasible  set  F  in  (3.93),  F  = 
{v|Rv  =  i  ui).  is  empty  and  77(e)  =  0.  Since  this  was  the  best  choice  of  v,  we  can  without  loss 
of  generality  replace  v  by  the  row  of  any  generalized  inverse,  because  the  resulting  asymptotic 
efficiency  cannot  become  negative.  If  User  k  is  independent.  Lemma  3.2  implies  RR^u^  =  uj,  and 
for  all  V  in  the  feasible  set. 


Rv  =  — ut  R^Rv  =  — R^Ujt 

hence,  using  Lemma  3.2  to  obtain  the  k^^  elements  of  the  vectors  on  both  sides, 

Vfc  =  j^Rkk  ^  H  =  \f^k  ■ 

The  last  equality  was  also  obtained  in  Lemma  3.2.  If  User  k  is  independent  the  feasible  set  F  in 
(3.93)  is  nonempty,  (e.g.  it  contains  the  set  ^  r^’  R^  G  I(R)>  since  Rr[  =  ),  from  Lemma  3.2, 

and  for  all  v  G  F,  v*  =  \/r^-  Hence  77(e)  =  which  is  the  energy  independent  asymptotic 

efficiency  of  the  decorrelating  detector  for  independent  users.  ■ 

We  showed  that  there  is  an  energy  region  for  which  the  best  linear  detector  is  equivalent  to 
the  optimum  multiuser  detector  (“optimality  case”),  and  an  energy  region  where  it  is  equivalent 
to  its  lower  bound,  the  decorrelating  detector  (“terminal  case”).  In  the  following  results  we  give 
sufficient  conditions  for  these  two  boundary  cases. 


Proposition  3.13  :  The  following  are  sufficient  conditions  on  the  signal  energies  and  crosscorre¬ 
lations  for  the  best  linear  detector  to  achieve  optimal  k^^  user  asymptotic  efficiency: 


y/wl  > 


max 

7=1,.... A' 


Ev/^l^uD- 

i^k 


(3.94) 

0 
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Proof  :  In  the  optimality  case,  ejTjVo  >  0  for  all  j  ^  k.  If  we  introduce  =  1  this  has  to  hold 
also  for  j  =  k,  otherwise  we  get  negative  asymptotic  efficiency.  Letting  D  be  the  diagonal  matrix 
with  diagonal  element  equal  to  cj  and  noting  that 

r  -s/wifwk  1 


Vo  =  D 


position 


(3.95) 


an  equivalent  requirement  is  that  each  component  of  the  vector 


DRvo  = 


Rll  eiC2iZi2 

ei«2^21  ^22 


•••  eitKRiK 
€2^2*  •  •  •  «2eA-i?2A' 


LCA'^I^A'I  ^K^2Rk2  •••  ^K'RKk 


Rkk 


-Vwi/wk 

-y/W2twk 


(3.96) 


be  positive.  We  now  see  that  a  sufficient  condition  for  this  to  be  satisfied  for  some  e\,.,  .,ej^  is 


>  E  l«;.l  ^  .  i  =  1.  ■.■f'- 

The  corresponding  Cj  are  e,  =  sgn  Rjk- 

Note  that  the  above  condition  can  be  satisfied  by  only  one  user,  because  then 

>  '/^f\Rkj\  >  3  ■ 


(3.97) 


(3.98) 


Proposition  3.14  :  If  User  k  is  linearly  independent,  the  following  condition  is  sufficient  for  the 
row  of  the  decorrelating  detector  e  /(R)  to  be  the  best  k^^  user  linear  detector  for  a  given 
set  of  signal  energies  and  crosscorrelations  : 


I  \  < 


for  all  j  ^  k. 


(3.99) 

0 


Proof  :  We  showed  that  in  the  terminal  case  if  User  k  is  linearly  independent,  any  v  =  ^k/\/ Rkk 
is  a  maximizing  vector  for  vj Rv.  From  (3.84)  and  Lemma  3.2  (RR^U|.  =  u^.) 

_ _ 1 


2\o  =  vJRv  =  Vg 


JiL  -  - 


(3.100) 
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As  a  consequence,  there  are  nonnegative  Kuhn-Tucker  multipliers  A,,  such  that,  with  (3.82), 


or 


so 


Hence  (3.99)  is  sufficient  to  ensure  Xj  >  0  regardless  of  {cj  ,  i  ^  k}  . 


(3.101) 


(3.102) 


(3.103) 


Note  that  in  the  two-user  case.  Proposition  3.10  implies  that  the  sufficient  conditions  found  in 
Propositions  3.13  and  3.14  are  also  necessary. 


Proposition  3.15  :  If  User  k  is  linearly  dependent,  then 

T]f  =  sup  T)k(K')  =  sup  T?Jt(T)  =  Tj[  (3.104) 

R^€/(R) 

i.e.  for  a  dependent  user  the  best  decorrelating  detector  has  the  same  asymptotic  efficiency  as  the 
best  linear  detector.  <X 

Proof  :  Using  (3.33),  we  can  write: 


T)f  =  max"  {0, 


sup 

R^e/(R) 


(R'R)u-  yM 

_  jy* 


) 


(3.105) 


Since  R  is  nonnegative  definite  of  rank  r,  it  can  be  represented  using  its  orthonormal  eigenvector 
matrix  T,  and  the  r  *r  diagonal  matrix  A  of  nonzero  eigenvalues  of  R,  as 


R  =  T 


A 

0 


(3.106) 


Then  (cf.[Bou]),  R^  is  a  generalized  inverse  of  R  if  and  only  if,  for  some  matrices  U  and  V  of 
appropriate  dimensions,  it  can  be  represented  as: 


R^ 


T 


'A-i 

U 


V 

UAV 


(3.107) 
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Hence,  using  the  corresponding  partition  of  T,  we  can  write: 

■tT' 


(R^R)tj  =  u[  [Ti  T2]  fuA  21  \t^]  =  “I  (TiT[  +  T2UATT)  uy  (3.108) 

L  J  L  *“•  2  • 


(R^RR^^)*jt  =  ul  [Ti  T2] 


A-' 

u’’  ■ 

[TTl 

U 

UAU^. 

Ufc 


=  u[  (TiA-^Tl  +  T2UTf  +  TiUTj  +  T2UAU'^Tj)  u* 


and 


T]f.  =  max^  {0,  sup 


u][(Ti  +  T2UA)T{ui  -  E  luI(Ti  +  T2UA)T[uy|y|r 
_ 

y/ixl(Ti  +  T2UA)A-HTi  +  T2UA)^Ufc 


(3.109) 


}  .  (3.110) 


Since  User  k  is  dependent,  uJT2,  whose  components  are  the  components  of  the  eigenvectors 
to  eigenvalue  zero,  is  nonzero.  (Otherwise  for  all  x  with  Rx  =  0,  ijt  would  be  zero,  which  implies 
that  the  user  is  linearly  independent  of  the  other  users.)  Therefore,  and  since  A  is  invertible, 
we  can  make  the  change  of  variables 

X  =  (Ti +T2UA)^Ufc  (3.111) 


to  get 

rii  ~  max^  {  0,  sup - - - )  .  (3.112) 

X  Vx^A“‘x 


From  here,  with  the  same  reasoning  as  in  the  proof  of  Proposition  3.11  for  the  best  linear  detector. 


we  obtain 

II 

majc^  {  0,  max 

sup  vjTiX  } 

xefl’’ 

x^A-lx  =  1 

tj  xT’tJ’uj- >0 
;/* 

(3.113) 

where  the  2*^  component  of  Vo  is  equal  to  (vp),  =  |  V 

'WjlWk  , 

2  #  k 
i  =  k 

— 

max^  {0,  max 

^  ej-el-l,!) 

Vk  (e)}  with  T]i  (e)  =  sup 

x^R’’ 

x^  A-lx  =  1 
ejx'^Tfuj>0 

vjTix 

(3.114) 
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whereas  the  user  asymptotic  efficiency  of  the  best  linear  detector  equals,  cf.  (3.71) 


7?[  =  max^  {0, 


max 


'll  {«)} 


with  T][  (e)  =  sup  VqRv  . 

Rv  =  1 

e,T7’v>0 

^  J  - 
itk 


Let 

V*  G  arg  J?[(e)  G  arg  max  v^Rv  .  (3.115) 

v£R^ 

Rv  =  1 
ejrTv>0 

We  show  that  x*  =  AT|'v*  is  feasible  in  (3.114),  and  vjTix*  =  i7j|.(e)  : 


ejx*  Ti’uj  =  ejv*  TjATi’uy  =  e^v*  Ru^ 

J 

=  CjV  tj  >0 


since  v*  feasible.  Also 


x*^A-*x*  =  v*^TiAA~‘AT[v*  =  v’^'rv*  =  1 


Hence  x*  is  feasible,  and 


vjTix*  =  vjTiATfv*  =  vjRv*  =  4(e)  .  (3.119) 


(3.116) 

(3.117) 

(3.118) 


We  know  that  4  ^  4’  since  the  decorrelating  detector  belongs  to  the  class  of  linear  detectors.  We 
e.xhibited  for  each  e  a  feasible  vector  x*,  which  satisfied  vj Tjx*  =  4(®)- 

Since  from  (3.114)  4(®)  -  feasible  x,  we  have,  for  aU  e,  >  4^®)'  Hence 

4  -  which  establishes  (3.104).  ■ 


Since  the  user  zisymptotic  efficiency  depends  only  on  the  row  of  the  applied  linear 
transformation,  optimization  of  t}i^{'R^)  over  the  class  of  generalized  inverses  for  each  dependent 
user  k,  yields  different  rows,  each  belonging  to  a  different  generalized  inverse.  Consequently,  the 
collection  of  the  K  optimal  rows  need  not  be  a  generalized  inverse. 

Finally  notice  that  the  near-far  resistance  of  the  optimum  linear  detector  is  equal  to  that  of 
the  optimum  detector,  since  it  is  shown  in  Proposition  3.4  that  a  particular  type  of  linear  detector, 
i.e.  the  decorrelating  detector,  achieves  optimum  near- far  resistance. 
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3.6  A  geometric  interpretation 


This  section  gives  a  geometric  interpretation  of  the  problem  of  constructing  a  linear  decision 
scheme  for  A^-user  synchronous  CDMA,  in  the  case  where  the  signal  set  is  linearly  independent, 
using  the  familiar  formulation  in  terms  of  a  hypothesis  testing  problem.  Every  linear  detector  for 
User  k  can  be  viewed  as  a  hyperplane  in  AT-dimensional  Euclidean  space  which  separates  the  region 
where  the  detector  decides  that  User  k  has  transmitted  -f  1  from  the  region  where  it  decides  —1.  As  a 
result  the  k*^  user  asymptotic  efficiency  of  a  linear  detector  is  determined  by  the  smallest  distance 
among  all  those  hypotheses  which  coincide  in  the  component  to  the  separating  hyperplane, 
which  implies  that  the  best  linear  receiver  problem  for  User  k  consists  in  finding  the  hyperplane 
with  maximal  minimum  distance  to  the  multiuser  hypotheses  which  coincide  in  the  k^^  component. 
Also  an  explanation  of  the  equality  between  the  near-far  resistance  of  the  maximum  likelihood 
detector  and  the  asymptotic  efficiency  of  the  decorrelating  detector  is  given,  as  well  as  a  geometric 
derivation  of  the  best  linear  detector  in  the  two-user  case. 

It  is  advantageous  for  the  geometric  intuition  to  view  the  detection  problem  in  a  domain  where 
the  noise  is  spherically  symmetric.  Therefore  set  z  =  R“^/^y,  where  is  the  unique  positive 
definite  square  root  of  R.  Then 

z  =  R^/2^b  -I-  n',  n' ~  iV(0,(T2l) .  (3.120) 

and  in  this  domain  the  noise  is  spherically  symmetric.  The  k^^  user  receiver  has  to  decide  on  the 
basis  of  z  whether  =  1  or  =  —  1.  Letting 

5i  =  {Ri/2wb  I  b  €  {-1, 1}^',  bk  =  1} 

5_i  =  {Rl/2Wb  I  b  €  {-1,1}^',  bk  =  -1}  ,  (3.121) 

this  is  a  two-hypotheses  problem  with 

:  z  £  Si  +  n'  ->■  decide  for  frjt  =  1 

:  z  £  5_i  -i-  -*  decide  for  =  —  1  .  (3.122) 

Any  decision  rule  corresponds  to  a  partition  of  the  signal  space  span  (Si ,  5_i )  into  a  decision  region 
for  Ho  and  one  for  Hi-  The  maximum  likelihood  detector  decides  -since  the  noise  is  spherically 
symmetric-  for  the  hypothesis  which  is  closest  in  Euclidean  distance  to  z.  In  the  two-user  case  Figure 
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Fig.  5.  Decision  regions  of  a)  the  conventional,  b)  the  maximum-likelihood 
and  c)  a  linear  detector,  for  spherically  symmetric  noise. 


5  illustrates  the  decision  regions  for  the  conventional,  the  maximum-likelihood  and  a  general  linear 
detector. 


On  the  other  hand  a  linear  detector  decides  according  to 


where  for  the  second  equality  we  have  set  u  =  R^/^v/||R^/^v||.  The  normalizing  factor  is  intro¬ 
duced  for  convenience,  and  does  not  affect  the  sign  decision.  In  other  words,  since  u  is  a  unit  length 
vector, 

6/t  =  sgn  Pu  z  (3.124) 

where  Pu  denotes  the  projection  operator  onto  u.  Therefore  the  decision  boundary  for  the  user 
is  the  hyperplane  Tu  perpendicular  on  u,  since  this  is  where  Pu  changes  sign,  i.e.. 


iu  =  {x  I  Pu  3C  =  0}  . 


(3.125) 


Hence  a  linear  detector  for  the  user  is  specified  equivalently  by  u  or  by  the  hyperplane  Ln 
perpendicular  on  u.  (We  know  that  it  is  sufficient  to  consider  hyperplanes,  i.e.,  we  do  not  need  to 
introduce  a  possible  offset  from  the  origin,  because  of  the  symmetry  of  the  hypotheses  with  respect 
to  a  sign  change  in  all  coordinates).  In  order  to  have  zero  error  probability  in  the  absence  of  noise 
it  is  apparent  that  the  hyperplane  corresponding  to  a  reasonable  linear  detector  has  to  separate  Si 
and  5_i.  We  will  refer  to  such  a  hyperplane  as  a  separating  hyperplane.  So  this  is  how  the  decision 
regions  depends  on  the  chosen  u.  On  the  other  hand  the  asymptotic  efficiency  depends  on  u  as 
follows.  From  (3.56) 


rfv  -  E  I  rjv  1^ 
,t(v)  =  {0,  - 2!^== - ) 


and  recall  that  the  absolute  values  resulted  from  the  worst-case  set  of  bj,j  ^  k.  Therefore 


-  .  1  2  fn  •  RWb  > . 

Vki^)  =  —  {0,  mm  - -===—} 

Wk  b€{-l.l)^  VV^Rv 


»t=l 


=  —  max^  {0,  min  <  ^  ^  ,  R^/^Wb  >} 


Wk 


=  —  max^  {0,  min  <  u,8  >} 

Wk  seSj  ■’ 


=  —  max^  {0,  min  Pu  s  >}  . 
Wk 


(3.126) 


The  first  equality  uses  the  no  gative  definiteness  of  R,  while  the  last  two  equalities  make  use  of 
the  definition  of  u  2md  5] .  respectively  the  fact  that  u  has  unit  length.  Hence  for  a  linear  detector 
for  the  k^^  user,  specified  by  the  separating  hyperplane  iu>  the  asymptotic  efficiency  is  given  by 
the  minimum  distance  of  a  hypothesis  to  Lu-  The  problem  of  selecting  the  best  linear  detector 
is  therefore  that  of  selecting  a  separating  hyperplane  with  maximal  minimum  distance  from  the 
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hypotheses  (since  Si  and  5_i  are  symmetric  with  respect  to  the  origin  it  suffices  to  maximize  the 
minimum  distance  to  Si).  That  this  is  a  desirable  goal  is  intuitively  clear,  because  the  decision 
on  the  transmitted  bit  is  based  entirely  on  whether  the  received  vector  z  falls  on  one  side  of  the 
hyperplane  Xu  or  on  the  other.  Since  in  the  absence  of  noise  z  has  to  be  one  of  the  hypotheses  in 
Si  or  S_i,  this  means  that  the  white  noise  resistance  of  this  binary  decision  is  determined  by  the 
hypothesis  which  is  closest  to  the  decision  boundary  (i.e.,  the  term  corresponding  to  this  hypothesis 
dominates  the  error  probability  in  the  high  SNR  region). 

Explanation  of  Proposition  S.4  for  a  linearly  independent  signal  set 

Since  the  signal  set  is  linearly  independent,  R  is  nonsingular  and  r)f  =  T;jt(R"‘)  is  energy- 
independent  for  all  users.  We  want  to  explain  the  equality  of  rjjt  77^.  First  consider  the  two-user 
case,  and  assume  we  want  to  decide  on  the  transmitted  bit  of  User  1. 


Fig.  6.  Geometric  illustration  of  Proposition  3.4. 


Figure  6  shows  the  four  hypotheses,  where  5_i  =  {A,B}  and  Si  =  {C,D}.  Since  in  this 
domain  the  matched  filter  output  noise  is  spherically  symmetric  and  Gaussian,  the  decision  regions 
of  the  maximum  likelihood  detector,  determined  by  the  minimum  Euclidean  distance  rule,  are  given 
by  the  perpendicular  bisectors  of  the  segments  between  the  different  hypotheses,  and  the  user 
asymptotic  efficiency  corresponds  to  the  square  of  half  the  minimum  distance  between  distinct 
hypotheses  differing  in  the  bit  (Q(dmin/2«r)  =  Q{y/r}^/<T)).  Thus,  in  Figure  6,  up  to  the 
factor  Wjc  which  will  be  ignored  because  it  multiplies  the  user  asymptotic  efficiency  for  linear 
detectors  too,  is  the  length  of  the  shortest  of  the  segments  AM,AO  and  BO. 

The  decision  regions  of  the  decorrelating  detector  for  User  1  are  determined  by  a  straight  line 
through  the  origin,  such  that  application  of  maps  it  to  the  y-axis  (since  a  sign  decision  is 

then  taken).  This  means  that  the  separating  line  passes  through  the  points  ±R^/*U2,  with  U2  is 
the  unit  vector  in  y  direction,  i.e.,  [0  1]^.  These  points  are  at  the  centers  of  the  sides  AD  and  BC  of 
the  parallelogram  formed  by  the  hypotheses,  because  the  unit  vector  is  collinear  to  half  the  sum  of 
adjacent  hypotheses  differing  in  the  first  bit.  Hence  the  decorrelating  detector  decision  boundary  is 
parallel  to  the  parallelogram  sides  AB  and  CD,  which  follows  because  it  passes  through  the  centers 
of  the  sides  AD  and  BC.  As  a  consequence,  all  the  hypotheses  have  equal  distance  to  the  decision 
boundary  of  the  decorrelating  detector.  This  is  intuitively  clear,  because  the  Ar**  bit  error  probability 
of  the  decorrelating  detector  reduces  to  a  single  Q-function.  Now  the  first  user  asymptotic  efficiency 
of  the  decorrelating  detector  is  equal  to  the  square  of  the  distance  of  any  hypothesis  to  the  decision 
boundary,  e.g.  in  Figure  6  is  the  length  of  AP. 

The  result  of  Proposition  3.4  can  now  be  interpreted  as  follows:  since  77  appears  as  the  hy¬ 
potenuse  and  as  the  leg  of  a  right  angled  triangle,  q  is  lower  bounded  by  the  energy  independent 
Tj^.  However,  since  the  triangle  angles  vary  with  increasing  energy  of  the  interfering  user,  there  is 
a  particular  energy  ratio  for  which  the  triangle  degenerates  into  a  line  segment.  This  is  the  point 
when  T)  reaches  its  minimum,  f?,  which  is  geometrically  identical  with  77*^.  For  the  parallelogram 
formed  by  the  hypotheses  this  is  the  case  when  a  diagonal  is  perpendicular  to  a  side  (eg.  AO 
perpendicular  to  CD). 

For  more  than  two  users  the  explanation  is  analogous.  The  set  of  2^  hypotheses  will  be  the 
corners  of  a  parallelepiped  in  ,  since  the  nonsingular  linear  map  R  maps  hyperplanes  into  hy¬ 
perplanes,  hence  the  rectangular  parallelepiped  with  corners  Wb,  b  G  {-1,1}^  into  the  one  we 
are  considering.  CaU  the  sides  of  the  parallelepiped  corresponding  to  5i  and  S_]  significant  sides. 
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Any  linear  detector  corresponds  to  a  hyperplane  separating  the  signihczint  sides.  Since  the  probar 
bility  of  error  of  the  decorrelating  detector  is  for  each  user  a  single  Q-function,  the  corresponding 
separating  hyperplane  is  equidistant  to  the  hypotheses,  i.e.,  is  parallel  to  the  significant  sides,  and 
the  asymptotic  efficiency  is  determined  by  their  distance  (see  Figure  7). 


Fig.  7.  Same  as  Fig.  6,  in  the  case  of  three  users. 


As  the  energies  vary,  there  will  be  particular  energy  constellations  (because  the  deformations 
of  the  parallelepiped  are  continuous)  where  the  vector  from  the  origin  to  some  hypothesis,  say 
RV2wb*,  is  perpendicular  on  the  corresponding  significant  side,  i.e.,  also  on  the  decorrelating 
hyperplane-  This  is  the  case  when  equality  occurs  between  the  asymptotic  efficiencies  of  the  decor¬ 
relating  and  the  maximum  likelihood  detector.  To  see  this  note  that  in  this  consteUation  the 
asymptotic  efficiency  of  the  maximum  likelihood  detector  must  simultaneously  be  higher  than  that 
of  the  decorrelating  detector  (since  being  the  optimum  multiuser  detector  it  constitutes  an  upper 
bound  on  the  performance  of  any  detector)  and  smaller,  since  from  (3.10)  it  equals  the  minimum 
of  ||R^/^We||^  for  c  €  {-1,0,  l}^,  cj  =  1,  hence  is  upper  bounded  by  ||R^^^Wb*|l^,  which  in  this 
case  is  the  asymptotic  efficiency  of  the  decorrelating  detector. 
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Explanation  of  Proposition  3.9  for  a  linearly  independent  signal  set 

Again,  consider  User  1.  The  hypotheses  in  Si  are  ^4.+  =  R^/^W[l  1]^  and  = 

U^l/2w[i  _  i]T^  Xo  find  the  best  linear  detector  we  have  seen  that  we  have  to  find  the  sepa¬ 
rating  line  T*  through  the  origin  which  has  maximal  minimum  distance  to  h.^.+  and  /i+_.  If  we  only 
consider  h++ ,  the  line  having  maximal  distance  from  it  is  the  perpendicular  through  the  origin  on 
the  vector  from  the  origin  to  /i++.  Call  this  line  X+4..  Similarly  for  /i+_,  which  defines  If  we 
start  with  an  arbitrary  separating  line,  it  is  easy  to  see  that  a  rotation  of  this  line  in  the  direction 
of  X4.4.  increases  its  distance  to  while  a  rotation  in  the  direction  of  increases  its  distance 
to  h+_.  Call  the  decision  boundary  corresponding  to  the  decorrelating  detector  L^.  We  have  seen 
that  is  equidistant  from  /i++  and  Now  given  that  we  have  three  lines  through  the  origin, 
X4.4.,  and  Xj,  one  can  have  two  inherently  different  situations.  In  one  case  X^f  lies  between 
X^.^.  and  L+_,  in  the  second  both  X4.4.  and  are  on  the  same  side  of  X^.  The  two  cases  are 
iUustrated  in  Figure  8  a)  and  b). 

The  difference  between  them  is  that,  while  in  the  first  case  attempting  to  rotate  X*  away  from 
X(i  will  decrease  its  distance  from  either  ^4.+  or  ^4—  (though  increasing  the  other),  so  that  the 
optimal  solution  is  to  have  both  distances  equal,  i.e.,  X*  =  X^,  in  the  second  case  rotating  X*  in 
the  coinciding  direction  of  X4.4.  and  will  increase  the  distance  to  both  hypotheses,  as  long  as 
X4.4.  and  are  still  on  the  same  side  of  the  line  we  are  rotating.  Clearly  this  can  be  done  until 
the  first  of  X4.4.,  X4._  is  encountered  and  this  will  be  the  optimal  solution  X*.  Note  that  this  is  the 
linear  continuation  of  the  (piecewise  linear)  decision  boundary  of  the  maximum  likelihood  detector, 
which  is  given  by  the  perpendicular  bisector  of  the  segments  between  hypotheses  differing  in  the  1*‘ 
bit.  This  can  be  seen  also  from  Proposition  3.9,  where  if  u;2/u’i  <  the  optimum  linear  detector 
is  collinear  to  [1  —  sgnp'y/u;2/tni],  i.e.,  is  collinear  to  one  of  the  hypotheses  Wb,  i.e.,  is  still  collinear 
to  one  of  the  hypotheses  after  application  of  the  map  This  means  that  the  corresponding 

delimiting  line  is  perpendicular  on  this  hypothesis,  i.e.,  is  a  relevant  boundary  for  the  minimum 
Euclidean  distance  detector,  which  is  just  what  the  maximum  likelihood  detector  is  in  this  case. 

This  explains  why  there  are  two  different  cases  for  the  optimum  linear  detector  in  the  two  user 
case,  why  the  decorrelating  detector  is  one  of  them,  and  also  why  in  one  of  the  cases  optimum 
asymptotic  efficiency  is  achieved. 
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Fig.  8.  Geometric  illustration  of  Proposition  3.9. 


3.7  Computation  of  the  decorrelating  detector 

The  decorrelating  detector  for  a  synchronous  communication  system  with  a  linearly  indepen¬ 
dent  signal  set  is  the  inverse  of  a  positive  definite  symmetric  matrix.  The  straightforward  computa¬ 
tion  via  the  Cholesky  factorization  or  Gauss  elimination  requires  on  the  order  of  multiplications 
and  the  same  number  of  additions.  Thereafter,  as  long  as  the  active  user  configuration  does  not 
change,  the  demodulation  of  b  requires  a  TCB  of  K  multiplications  and  additions.  In  the  foUowing 
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an  iterative  scheme  is  given,  which  for  each  z  converges  to  the  solution  x°°  =  R  ^  z  upon  starting 
with  an  arbitrary  initial  vector  x®. 


Proposition  3.16:  The  iterative  scheme 


x’*+^  =  (I  -  Wx"  +  fiz 


(3.127) 


converges  to 


X*  =  R-^z 


(3.128) 


for  any  initial  vector  x®  as  long  as  0  <  /3  <  2/An»ax,  where  Amax  is  the  largest  eigenvalue  of  R. 
Moreover  the  fastest  convergence  is  achieved  for 


^opt  _ 


'^min  "h  “^max 


(3.129) 


Proof  and  Discussion:  It  is  easy  to  prove  convergence  by  defining  the  error  vector  e”  =  x”  -R~^z 
and  deriving  from  (3.127)  that 

e”  =  (I  -  /SR)”  e®  (3.130) 

where  from  convergence  follows  if  the  spectral  radius  of  I  —  /?R  is  less  than  unity,  which  results 
in  the  given  condition  on  /3.  Alternatively,  (3.128)  can  be  interpreted  as  a  gradient  solution  to  the 
problem 


min  (x^  Rx  -  2x^  z) 
x&R  ^ 

whose  exact  solution  is  x°°  =  R“^z  and  for  which  the  gradient  solution  is  given  by 

x"+‘  =  x”  -  I  V  (x^Rx  -  2x^z)  . 


(3.131) 


(3.132) 


Iterative  gradient  solutions  of  this  kind  have  been  well  studied  and  used  in  practice  ,  among  others 
in  adaptive  filtering  applications  (e.g.  [Hon],  [Ben]).  Denoting  by  p  the  spectral  radius  of  the 
matrix  I  —  /?R,  the  Euclidean  norm  of  the  error  vector  satisfies 


|e"||  <  ||R||2  =  lle'^ll  , 


(3.133) 
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where  the  equality  follows  since,  R  being  Hermitian,  its  spectral  norm  equals  its  spectral  radius/*^ 
It  can  be  shown  (e.g.  [Ben,  p.  375])  that  the  smallest  spectral  radius  is  achieved  by  the  choice  of 
13  given  in  the  proposition,  and  equals 

Amin 


_  'max 

“  A - TT 

''max  T  ''r 


(3.134) 


which  is  a  function  of  the  eigenvalue  spread  of  the  matrix  R.  As  always,  a  small  eigenvalue  spread 
is  desirable. 

Note  that  if  z  =  u;t)  i-®M  the  unit  vector,  x°°  is  the  column  of  R"^^  which  is  sufficient  for 
decentralized  detection  of  the  information  sent  by  User  k.  The  iterations  would  be  run  before  the 
beginning  of  the  detection  process  in  order  to  find  the  decorrelating  detector.  K  different  iterations 
have  to  be  run  beforehand,  in  order  to  get  the  matrix  R“^. 

Given  an  initial  error  norm  and  a  value  for  a  sufficient  final  error,  equation  (3.133)  can  be  used 
to  upper  bound  the  required  number  of  iterations,  for  purposes  of  comparison  with  the  method  of 
direct  matrix  inversion.  Choosing  x"  =  0,  the  initial  error  vector  has  a  norm  upper  bounded  by 

||e”||  <  f,"  ||R-‘u,||  <  p’  ||R-‘||  =  ^  . 

^min  ^min 

Therefore  an  upper  bound  on  the  necessary  number  of  iterations  for  obtaining  the  k*^  column  of 
R"^  with  precision  e  is 

Irur  ( £  \  •  ^ 

(3.135) 


„.  <  f  1 . 


log  (Popt) 

Each  iteration  involves  K  multiplications  and  additions,  therefore  the  computational  complexity 
is  K  *  n*  for  each  column  of  R“^.  Whether  it  is  preferable  to  use  the  direct  inversion  scheme  or 
the  iteration  algorithm,  depends  on  which  of  the  two  complexities  is  smaller,  or  K  *  P  *  n*  (for 
demodulation  of  P  users).  For  example,  for  Am&x  =  3,  Amin  =  0.5,  £  =  10”^^  and  demodulation 
of  one  user,  the  necessary  number  of  iterations  is,  from  (3.135),  at  most  85,  which  means  that  the 
iterative  scheme  is  more  efficient  than  the  direct  inversion  scheme  for  K  >  9. 


(») 


||A||2  =  max  {Vx  :  A  is  an  eigenvalue  of  A*A} 

^  max  {y/X  :  A  is  an  eigenveJue  of  A^} 

=  max  (  is  an  eigenvalue  of  A} 

=  max  {1A|  :  A  is  an  eigenvalue  of  A)  =  p(A) 
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3.8  On  a  simple  decision-feedback  detection  scheme  for  synchronous  CDMA 

In  synchronous  CDMA  the  receiver  has  to  make  an  estimate  of  the  transmitted  information  vector 
b  of  the  K  synchronous  users  in  one  symbol  interval,  or  on  the  component  thereof,  based  in 
the  sufficient  statistic  y,  which  depends  on  b  according  to 

y  =  RWb  +  n'  ,  n'  ~  A  (O,^^  R)  . 

In  the  following  it  is  assumed  for  simplicity  that  R  is  invertible  (otherwise  generalized  inverses  will 
be  used,  along  the  lines  of  the  previous  sections).  Then  the  sufficient  statistic  is  equivalently 

2  =  R~^y 

=  Wb  +  n,  n  ~  A  (0,ct2  R-i)  .  (3.136) 

If  the  noise  vector  n  were  uncorrelated,  a  sign  decision  at  this  point,  which  is  what  the  decor- 
relating  detector  does,  would  be  optimal.  Also,  if  the  variance  of  the  noise  samples  were  £t^,  i.e., 
^kk  ~  probability  of  error  of  a  sign  decision  for  User  k  would  be  the  same  as  the  probability 
of  error  of  a  single  user  channel  with  the  same  noise  level.  On  the  other  hand  when  >  1 
(from  (3.27)  >  1  is  obtained  by  setting  T  =  R“^),  the  noise  sample  variance,  and  hence 

the  error  probability  of  a  sign  decision  is  higher.  Therefore  a  natural  question  to  ask,  is  how  to 
use  the  fact  that  the  noise  samples  in  (3.136)  are  correlated,  to  reduce  the  variance  of  the  noise 
sample  affecting  User  k.  One  can  reason  as  follows.  The  k^^  noise  sample  has  an  a  priori  expected 
value  of  zero.  However,  its  expected  value,  given  the  symbols  transmitted  by  the  other  users,  is 
nonzero  in  general,  because  of  the  correlation  of  the  noise  components.  Subtracting  this  expected 
value  from  zj  reduces  the  variance  of  the  additive  noise  component  contained  therein.  It  turns  out 
that  the  variance  is  reduced  to  unity,  therefore  decreasing  the  probability  of  error  to  that  of  the 
single-user  channel,  as  expected,  since  the  bits  transmitted  by  the  other  users  have  been  given.  Of 
course  the  symbols  transmitted  by  the  other  users  are  not  available,  but  if  the  detector  used  has  a 
small  error  probability,  then  there  exist  estimates  of  these  symbols  which  are  correct  most  of  the 
time.  Therefore  the  above  scheme  can  be  expected  to  still  work  well  if  decisions  on  the  transmitted 
symbols  are  used,  instead  of  the  real  values,  as  long  ais  these  decisions  are  reliable  enough.  The 
aim  of  this  section  is  to  investigate  under  what  conditions  feedback  in  the  aforementioned  form 
improves  performance,  and  by  how  much. 


63 


3.8.1  Detector  with  full  feedback  of  decisions 


Given  that  z,-  =  y/wlbi  +  n,-,  upon  decision  hi  for  the  transmitted  bit,  an  estimate  of  the 
noise  is  obtained  as  a  byproduct,  namely 


m  = 


(3.137) 


Such  an  estimate  is  obtained  for  all  the  components  of  the  noise  vector.  Note  that  knowledge  of 

the  received  energies  is  required,  in  contrast  to  the  decorrelating  detector. 

Denote  by  (n^,  n)  and  (6jt>  “)  th®  partitions  of  the  noise  and  information  vector,  respectively, 

according  to  User  k  (the  tilde  indicates  that  the  entry  corresponding  to  User  k  has  been  deleted), 
~(2) 

and  let  b).  ’  denote  the  second  stage  decision  on  the  bit  transmitted  by  User  k,  obtained  by  using 
the  first  stage  decisions  ,  j  ^  k,  of  the  other  users.  The  question  of  interest  is  to  investigate  the 
performance  of  the  decision  scheme 

=  sgn  (  zjt  -  £  (rifc  I  b  )  I  .  ) 

'6=b 

=  sgn  (  2jb  ~  £  [njfc  I  n  ]  I  .  )  .  (3.138) 

E[n)f  I  n]  is  the  minimum  mean-square  estimate  (MMSE)  of  given  n,  and  since  the  n,  are  jointly 
Gaussian,  this  MMSE  is  linear,  therefore  it  equals  the  projection  of  on  the  space  spanned  by 
the  components  of  n.  Hence 

E  hit  t  n)  =  ,  (3.139) 

and  by  the  Projection  theorem 


^  [(  ”it  -  H  CiTii  )  nj]  =  0  ,  k  ,  (3.140) 

i.e.,  since  the  covariance  matrix  of  the  rij  is  R~^, 

-  E  =  0  ,  V;  fc  .  (3.141) 

•>tit 

Equivalently,  the  vector  [-ci, . . . ,  1  ,  — Cjt+i, .  •  • ,  -Cfc]^  is  perpendicular  on  the  column 

of  R“^,  for  all  j  /  A:,  i.e.,  is  the  k^^  row  of  R.  Therefore,  letting  [l,mjt,Rit]  denote  the  partition 
of  the  matrix  R  with  respect  to  the  row  and  column,  we  have 

E  [njt  j  n]  =  -tnj  n  (3.142) 
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and  the  decision  scheme  of  (3.138)  becomes 

=  sgn  (  Zfc  +  h  )  .  (3.143) 

Using  (3.137) 

6^'^  =  sgn  (^2k  +  (z-Wb)j=sgn^  z  -  m^W  b  ^  (3.144) 

is  the  obtained  feedback  detector,  where  b  are  the  initial  decisions  of  the  detector  in  the  forward 
branch.  We  can  rew’rite  the  last  expression  as 

=  sgn  (j/jt  -  m^W  b)  .  (3.145) 

Interestingly,  the  detector  we  obtained  subtracts  the  available  estimate  of  the  cross-interference, 
which  is  intuitively  pleasing,  although  not  obvious  from  the  starting  point  of  reducing  the  Gaussian 
noise  variance.  Subtracting  an  estimate  of  the  multi-user  interference  has  been  independently  pro¬ 
posed  in  [Var  88a],  using  the  conventional  detector  to  obtain  initial  decisions.  However  a  weakness 
of  that  work  is  the  absence  of  the  desirable  property  of  near- far  resistance  of  the  original  estimates. 
This  criticism  has  been  incorporated  recently  in  [Var  88b],  where  the  decorrelating  detector  is  used 
in  the  first  stage.  However,  the  error  probability  analysis  in  [Var  88b]  is  numerical,  in  contrast  to  the 
asymptotic  efficiency  results  obtained  here.  Also  the  approach  via  noise  variamce  reduction  rather 
than  interference  cancellation  is  easily  generalized  to  a  partial  feedback  scheme  which  is  neax-fax 
resistant,  a  property  which  partial  interference  removal  obviously  lacks.  For  all  users  together  the 
decision  scheme  is 

b(2)  =  sgn  (y  -  (R  -  I)Wb)  .  (3.146) 


Fig.  9.  Structure  of  the  decision -feed back  detector  of  (3.146). 
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Figure  9  shows  the  resulting  detector.  Since  equation  (3.145)  can  be  rewritten  as 

6^"^  =  sgn  +  m^W  (b  —  b)  +  n^)  ,  n'  ~  A’'(0,  cr^R)  (3.147) 

it  becomes  apparent  that  if  the  first-stage  estimates  b  are  correct,  the  probability  of  error  of 
the  above  scheme  is  the  same  as  that  of  the  single-user  channel,  since  the  n'f.  has  variance 
Obviously,  if  the  second-stage  decisions  b^^^  are  better  than  the  original  estimates,  the  procedure 
can  be  repeated  using  the  new  decisions  instead  of  b,  and  the  iteration  process  can  be  repeated  until 
the  decisions  of  two  consecutive  iterations  are  the  same.  In  this  light  it  is  to  be  expected  that  the 
performance  of  the  above  feedback  scheme  depends  critically  on  the  robustness  of  the  first-stage 
estimates,  and  has  the  potential  of  significant  performance  improvement  over  the  decorrelating 
detector,  if  these  estimates  are  good  enough.  This  potential  is  analyzed  in  the  sequel.  The  question, 
in  a  more  general  form  than  will  be  answered,  is  the  following. 

Problem  statement 


Given 

y  =  RWb  -f  n,  n  ~  iV  (0,ct2  r)  (3.148) 

and  an  estimate  b,  with  error  probability  When  is  the  performance  of  User  k  improved 

by  doing 

6^*^  =  sgn  (pk  -  mjw  b)  (3.149) 

Our  measure  of  performance  is  the  user  asymptotic  efficiency. 


It  would  be  interesting  to  be  able  to  answer  this  question  for  an  arbitrary  first  stage  detector, 
though  probably  intractable.  The  results  when  using  the  decorrelating  detector  for  the  first  stage 
are  summairized  in  the  following  propositions.  The  reason  which  speaks  for  using  the  decorrelating 
detector  to  obtain  initial  decisions  is  that  it  is  the  only  near-far  resistant  linear  detector,  which 
moreover  achieves  the  near-far  resistance  of  optimum  multi-user  detection,  thereby  ensuring  a 
nondegrading  performance  level  regardless  of  the  received  energies. 
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Proposition  3.17  :  The  user  second  stage  asymptotic  efficiency  rjj.  of  the  iterated  decorre- 
lating  detector  with  full  feedback,  which  decides  for 


=  sgn  (y  _  (R  -  I)Wb) 


where  b  are  the  decisions  of  the  d  ^correlating  detector,  satisfies 


where 


and 


% 


^  >  min  /  (a,,Cj) , 


ai 


=2  E 

n^k 

n$.t.an<Ai 


V^’ 


■  1  , 

’ 

.(l-c)2  +  a2  ^ 


for  c  >  1,  a  >  1 

and  c  <  1,  (1  —  c)“  +  fl"  >  1 

for  c  >  1,  a  <  1 

else  . 


The  function  /(a,c)  is  shown  in  Figure  10. 


(3.150) 

(3.151) 

(3.152) 

(3.153) 

(3.154) 

0 


Fig.  10.  Function  f(a,c)  of  Proposition  3.17. 
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The  dotted  lines  indicate  curves  of  constant  /,  while  the  labels  1  and  a?  show  the  values  of 
the  function  in  the  corresponding  region.  Note  that  /  is  nondecreasing  in  a  and  nonincreasing 
in  c.  The  following  two  corollaries  give  sufficient  conditions  for  unit  asymptotic  efficiency  of  the 
feedback  detector,  and  for  a  performance  improvement  over  the  decorrelating  detector  used  for  the 
first-stage  decisions,  respectively. 

Corollary  3.1:  A  sufficient  condition  for  unit  user  asymptotic  efficiency  is  that 

Wijik  iai,Ci)GRl,  (3.155) 

where  Rl  is  the  shaded  region  in  Figure  11a,  and  are  defined  in  Proposition  3.17.  The 
condition 

—  >  R7i\  V I  it  (3.156) 

Wk 

is  sufficient  for  (3.155).  0 


Fig.  11.  a)  Region  1  of  Corol'ary  3.1,  b)  Region  2  of  Corollary  J.2. 


Corollary  3.2:  A  sufficient  condition  for  achieving  an  improvement  over  decorrelating  detector 
k^^  user  asymptotic  efficiency  is  that 

Vi#  it  (a„c,)  e  R2.  (3.157) 
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where  R2  is  the  shaded  region  in  Figure  11b,  and  a,,c,  are  defined  in  Proposition  3.17.  The 


condition 


is  sufficient  for  (3.157). 


-  Rll  ^ 


(3.158) 


Note  that  since  >  1,  condition  (3.158)  is  less  stringent  than  the  one  in  Corollary  3.1. 

Proof  of  Corollaries  :  Conditions  (3.155),  (3.157)  follow  immediately  from  Proposition  3.17.  For 
conditions  (3.156),  (3.158)  notice  that 


/(a,c)  >  min(a^,l)  (3.159) 

and  require  Gy  >1,  'ij  ^  k  o  wj/wi^  >  l/i)j  for  Corollary  3.1, 

and  aj  >  'ij  ^  k  >  vi/Vj  for  CoroUary  3.2.  ■ 

The  following  proposition  is  important,  because  it  shows  that  by  using  feedback  the  near-far 
resistance  of  the  decorrelating  detector  is  still  positive. 

Proposition  3.18:  For  a  linearly  independent  signal  set  the  feedback  detector  is  near-far  resistant. 


Moreover 


where 


rji  =  min  r)i  >  - s- 

*  wi>o  *  1  -I-  fr 

iiic 


=  2  -1=  • 


(3.160) 


(3.161) 


Particularizing  (3.160)  to  the  two-user  case,  the  near-far  resistance  there  is  lower  bounded  by 


f  1  ^ 

~  1  +  1  + 3p2  ^  3-|-p-2 


(3.162) 


which  is  monotonically  decreasing  un  [1,0]  for  p  €  [0>1].  The  proofs  of  the  propositions  are  given 
in  a  more  general  setting  in  Appendi.x  3.1.  To  particularize  to  the  full-feedback  case,  F  has  to  be 
set  to  (1 . K)\{k}. 
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p^>0.2 


- OPTIMUM  MULTIUSER  DETECTOR 

-  DECORRELATING  DETECTOR 

-  FULL  FEEDBACK  >  LOWER  BOUND 


p^<0.2 


Fig.  12.  Lower  bound  on  the  asymptotic  efficiency  of  the  full  feedback  detector 
for  2  users.  Also  shown  are  the  asymptotic  efficiency  of  the  optimum 
multiuser  detector  and  of  the  decorrelating  detector. 


Example  3.2.  In  the  two-user  case,  the  lower  bound  given  by  the  right-hand  side  of  (3.151)  on 
the  asymptotic  efficiency  of  User  1,  when  feeding  back  the  decorrelating  detector  estimates  of  the 
transmitted  bit  of  User  2,  is  shown  in  Fignre  12. 

Also  shown  are  the  asymptotic  efficiencies  of  the  decorrelating  detector  and  of  the  optimum 
multiuser  detector,  the  latter  as  an  upper  bound  on  the  asymptotic  efficiency  of  any  detector. 
We  see  that  the  asymptotic  efficiency  of  the  decorrealting  detector  with  feedback  is  no  longer 
energy  independent  (we  can  infer  this  from  the  behavior  of  the  lower  bound,  because  otherwise  the 
asymptotic  efficiency  would  have  to  always  be  one,  i.e.,  larger  than  that  of  the  optimal  multiuser 
detector,  which  is  a  contradiction),  which  comes  about  because  the  correctness  of  the  fed-back 
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decisions  on  the  symbols  of  User  2  is  a  function  of  his  energy  W2-  Notice  that  a  performance 
improvement  is  obtained  over  the  decorrelating  detector  if  either  User  2  is  very  weak,  or  is  stronger 
than  User  1.  In  the  latter  case  it  is  always  better  to  use  decision  feedback  for  User  1,  with  a 
performance  gain  which  is  monotonically  increasing  as  User  2  gets  stronger  with  respect  to  User 
1.  When  user  2  is  strong  enough,  e.g.,  1.15  times  stronger  than  user  1  for  a  correlation  of  p  =  1/2 
between  the  normalized  signals  of  the  two  users,  the  asymptotic  efficiency  of  User  1  is  unity, 
because  the  upper  and  lower  bounds  coincide.  This  means  that  for  sufficiently  strong  interference 
the  decorrelating  detector  with  feedback  performs  as  well  as  the  optimum  multiuser  detector,  and 
both  achieve  single-user  performance,  if  the  SNR  with  respect  to  the  background  noise  is  high 
enough.  In  this  region  the  performance  improvement  results  from  the  fact  that  the  decorrelating 
detector  decisions  of  User  2  have  a  very  small  error  probability,  due  to  the  fact  that  User  2  is 
strong.  The  fact  that  there  is  also  a  performance  gain  if  User  2  is  weak,  has  a  different  explanation. 
In  this  case  the  detector  for  User  1  should  ignore  user  2,  and  not  eliminate  it  at  the  expense  of 
increasing  the  background  noise,  as  the  decorrelating  detector  does.  This  we  have  seen  from  Figure 
4,  when  the  conventional  detector  performs  better  than  the  decorrelating  detector  as  long  as 
<  (1  -  y^i-pi)/p,  e.g.,  for  f>  =  0.5  the  power  of  User  2  is  under  one  fourth  of  that  of  User  1.  In 
this  region  the  performance  gain  of  the  fedback  detector  results  not  from  the  feedback  itself  (since 
User  2  is  weak  his  decisions  are  not  overly  reliable)  but  because  the  -insignificant-  interference  is 
not  eliminated  any  longer  at  the  expense  of  the  background  noise.  Finally,  there  is  an  intermediate 
energy  region,  where  the  feedback  strategy  may  signify  a  performance  loss  over  the  decorrelating 
detector. 

Intuitively  there  are  two  critical  factors  which  may  affect  detrimentally  the  performance  when 
using  feedback:  feeding  back  decisions  of  users  with  low  ijf,  and  feeding  back  decisions  of  weak 
users,  such  that  their  error  probability  is  high  (in  spite  of  possibly  a  high  tjf),  but  who  are  not 
weak  enough  that  their  contributions  are  negligible. 

To  remedy  this  problem,  in  the  following  we  analyze  partial  feedback,  where  only  the  decisions 
on  the  symbols  of  a  subset  of  the  interferers  -considered  reliable-  are  used. 
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3.8.2  Partial  feedback  of  decisions  from  users  in  index-set  F 


Recall  that  in  the  full  feedback  case  we  subtracted  from  -|-  th  an  estimate  of  the 

noise  based  on  estimates  of  the  (correlated)  noise  components  of  the  other  users,  which  equaled 
h,  =  Zi  —  y/nnhi-  In  the  partial  feedback  case  only  a  subset  F  of  noise  estimates  of  this  form  is  used. 
The  other  estimates,  for  i  €  F,  are  considered  unreliable,  and  are  replaced  by  their  expectation  in 
the  absence  of  information,  namely  zero.  The  conditional  expectation 


E  [n^:  1  n]  =  -mf  n 

is  now  replaced  by 

E  [njt  \n,F]  =  -mf  Ip  n  (7^)^,  =  { (3.163) 
The  partial  feedback  detector  decides  for: 


6^“^  =  sgn  {zk  +  mllpn) 

=  sgn  ^  If  (  z  -  W  b  )  ^  ,  (3.164) 

where  as  before  [l,mjt,Rjt]  denotes  the  user  partition  of  the  matrix  R  and  the  tilde  indicates 

that  the  entries  corresponding  to  the  user  have  been  deleted.  Inserting  z  —  Wb  +  n,  the 

^(2) 

dependence  of  b\.  on  the  transmitted  bits  can  be  made  explicit,  namely 

=  sgn  (y/wkbk  +  mj  Ip  W(b  -  b)  +  n'l)  ,  n"  ^  N  (0,  cr'  (1  +  If  N*  If  m^:)) 

(3.165) 

where  [l/rif,  *,N^]  denotes  the  k^^  user  partition  of  the  matrix  R~^.  Notice  that  the  two  limiting 
cases  F  =  ^  and  F  =  {!,... ,7v'}\{fc}  reduce  to  the  decorrelating  and  to  the  full  feedback  case, 
respectively.  In  the  following  the  case  F  =  0  is  excluded,  since  no  additional  insight  is  gained  by 
considering  it.  If  the  decisions  that  are  fedback  are  correct 


_ 1 _ 

1  +  If  Nfc  If  mt  ’ 


(3.166) 


which  is  less  than  1  since  Njt  is  positive  definite  (>  0  if  R  >  0),  unless  full  feedback  is  used  or 
mjt  =  0.  Therefore,  in  this  optimistic  case,  a  performance  gain  over  the  decorrelating  detector  is 
obtained  as  long  as  m^If  N*.If  m*.  <  The  following  propositions  generalize  the  results 

obtained  in  the  full  feedback  case  to  include  partial  feedback. 
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Proposition  3.19:  The  user  asymptotic  efficiency  of  the  decorrelating  detector  with  partial 
feedback  set  F  5^  0  satisfies 


> 


v2(F)  i^F 


min  f  {aiviF),Ci{F)) 


(3.167) 


where 


and 


with 


Oj 

Ci(f) 

vHf) 


2 


E 

n6F 


l^tnl 


y/'^n 
y/wi  ’ 


n  «.t.an<ai 

l  +  mf  Ijs  Njt  Ip  mfc  , 


1 , 

for  c  >  1,  I  >  1 

and  c  <  1,  (1  -  c)^  +  >  1 

for  c  >  1,  I  <  1 

(1  -  c)2  +  , 

else  . 

R  = 


1 

ittk 


(3.168) 

(3.169) 

(3.170) 

(3.171) 

(3.172) 

0 


The  proof  is  given  in  Appendix  3.1.  Note  that  the  a,  and  the  function  /(.,.)  are  the  same  as 
in  Proposition  3.17  and  do  not  depend  on  the  feedback  set  F.  Obviously,  if  F  ^  {l,...,A')\{ifc}, 
v^{F)  >  1.  Therefore  we  cannot  achieve  unit  asymptotic  efficiency  using  strictly  partial  feedback, 
regardless  of  the  energy  region.  However,  counterbalancing  the  detrimental  effect  of  division  by 
v~  >  1,  there  are  three  favorable  effects  due  to  v  >  1: 


•  Of  V  >  Oi,  hence  higher  values  of  f, 

•  Cj  possibly  decreased,  since  summing  over  fewer  terms,  hence  higher  values  of  f, 

•  taking  the  min /(.,.)  over  fewer  terms. 

Whether  an  improvement  over  feedback-free  detection  is  achieved  or  not,  depends  on  which 
influence  dominates;  hence  it  depends  on  the  operating  energy  region,  since  the  first  two  favorable 
effects  are  energy  dependent.  One  thing  is  obvious:  we  need  not  consider  feedback  sets  F,  such 
that  \/v^{F)  <  rjf. 
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Proposition  3.20:  If  rjif  0  Vi  G  F,  the  feedback  detector  with  feedback  set  F  is  near-far 
resistant.  Moreover 


—p  A 
rti  =  min 

*  U),>0 

i^F 


1  +  ml  Ip  Nk  Ip  mjt  +  (2  E 

_  r' 


1  ^2 


(3.173) 


0 


The  proof  is  given  in  Appendix  3.2. 


Example  3.3.  First  consider  the  following  example  of  a  3-user  environment.  Figure  13  shows  the 
lower  bound  given  by  the  right-hand  side  of  equation  (3.167)  on  the  asymptotic  efficiency  of  User 
1,  under  feedback- free,  partial  feedback  and  full  feedback  conditions,  assuming  that  users  1  and  2 
are  equally  strong,  with  the  energy  of  User  3  as  a  parameter. 

Under  feedback-free  conditions,  {F  =  0),  the  lower  bound  is  achieved,  and  equals  the  asymp¬ 
totic  efficiency  of  the  decorrelating  detector.  The  asymptotic  efficiency  of  the  optimum  multiuser 
detector,  which  constitutes  an  upper  bound,  is  also  shown.  The  signals  of  the  3  users  are  the 
ones  shown  in  Figure  13,  with  crosscorrelations  pi2  =  —0.5,  pi3  =  0.87  and  P23  =  —0.65,  hence 
r]f  =  0.24,  t)2  =  0.56  and  r/f  =  0.19.  Since  i;^({2})  ss  5,  i.e.,  l/u"({2})  <  r)f,  the  feedback  sets  to 
consider  are  {2,3},  {3}  and  0.  Considering  Figure  13,  it  is  apparent  that  significant  performance 
improvement  can  be  achieved  in  certain  operating  energy  regions  by  using  feedback  of  the  decisions 
of  other  user's,  and  that  partial  feedback  can  be  superior  to  full  feedback.  Also  both  feedback 
schemes  are  near-far  resistant,  in  accordance  with  Proposition  3.20,  though  with  possibly  smaller 
worst-case  asymptotic  efficiency  than  the  decorrelating  detector  (recall  that  only  lower  bounds  are 
tractable). 

As  can  be  seen  from  this  3-user  example,  different  strategies  are  superior  for  different  energy 
regions.  While  it  is  not  desirable  to  use  feedback  regardless  of  the  operating  energy  region  -  since 
taken  by  itself  the  feedback  detector' does  not  preserve  optimum  near- far  resistance  -  substantial 
improvement  can  be  achieved  if  feedback  is  used  in  certain  energy  regions.  Thus  in  the  given 
example,  where  users  1  and  2  have  equal  energy,  if  User  3  is  four  times  as  powerful,  the  asymptotic 
efficiency  can  be  more  than  doubled  by  full  feedback  as  compared  to  the  decorrelating  detector, 
and  tripled  by  using  only  partial  feedback  of  User  3. 

(3.21):  By  adapting  the  feedback  set  F  to  be  the  optimum  set  for  the  corresponding  energy  region 
the  asymptotic  efficiency  is  increased  to 

r)l  >  max  {  T]f,  m^  min  f  (a,v{F),c,(F))}  .  (3.174) 

Jr  V‘‘yr  )  ifcr 
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- OPTIMUM  MULTIUSER  DETECTOR 


- DECORRELATING  DETECTOR 


FOR  THE  signal  SET 


•  R* 


I  *O.S  0^ 

-0.5  I  -O45I 
0.066  -0.65  I 


Fig.  13.  Lower  bound  on  the  asymptotic  efficiency  of  User  3  for  full  and 
partial  feedback  for  a  3-user  example  with  equally  powerful  interferers. 


The  following  algorithm  finds  the  optimum  feedback  set  F: 


[A]  compute  v^{F)  for  all  sets  F  C  {1,.... 
discard  all  F  with  1  v^{F)  <  rjf. 


all  remaining  sets  :=  admissible 

order  the  admissible  sets  according  to  increasing  v‘^{F). 
note;  fuU  set  will  be  first  in  list,  with  v~  =  1 
F  =  ibis  admissible,  since  v~  =  1  fT]f. 


[B]  Ijmai  •—  vf 

Fopt  :=  0 

while  not  at  end  of  admissible  sets 
F  ;=  next  admissible  set 
V  ;=  \JvHF) 
compute  the  €  F 

=  TT  min  f{aiv,ci) 

if  iVmax  ^  V)  Fopt  —  F,  ‘Hmax  —  V 
if  [v'^T]  =  1)  return  Fopt,  nmax 

end. 


return 

return  Fopt,  nmax 
end. 


0 


Part  [A]  of  the  procedure  is  independent  of  energies,  hence  is  done  only  once.  K  the  energies  are 
not  constant  the  optimum  set  F  will  change  in  time,  hence  part  [B]  has  to  be  executed  periodically 
to  update  F.  If  the  energies  are  known  exactly  as  a  function  of  time,  the  adaptive  feedback  detector 
is  seen  to  have  optimum  near-far  resistance.  If  the  energies  are  not  known,  and  have  to  be  estimated 
at  the  receiver,  we  have  the  following  cases. 

a)  The  energies  vary  slowly  in  time,  such  that  for  long  transmission  lengths  they  can  be  considered 
constant.  In  this  case  estimates  of  the  energies  can  be  obtained  up  to  any  desired  precision. 
One  obvious  possibility  is  to  estimate 


Wk 


1 


i=l 


-1 
kk  ’ 


where  (2jt)i  is  the  input  sequence  to  the  decorrelating  detector.  Since  the  information  bits  and 
the  noise  are  uncorrelated 


E[zl]  =  E[wk  -f  2y/wibknk  +  n|]  =  Wk  +  Fkk  ’ 
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hence,  by  the  weak  law  of  large  numbers  wt  converges  to  Wk  as  N  —>■  oo.  More  elaborate 
and  effective  schemes  can  be  found  in  the  literature.  Since  the  energies  can  be  estimated  with 
arbitrary  precision  the  energy-adaptive  feedback  detector  can  be  used.  It  can  be  robustified  with 
respect  to  small  errors  in  the  energy  estimates  by  accepting  a  nonempty  feedback  set  F  only 
if  the  achieved  performance  improvement  exceeds  a  certain  threshold.  Moreover,  Proposition 
3.20  shows  that  feedback  from  users  with  nonzero  asymptotic  efficiency  is  near-far  resistant, 
hence  near-far  resistance  is  not  lost  even  for  completely  erroneous  energy  estimates.  However 
optimum  near-far  resistance  is  then  lost,  which  is  why  large  errors  in  the  estimates  of  the  user 
energies  are  detrimental. 

b)  A  subset  of  users  has  slowly  varying  energies,  while  the  rest  has  energies  that  vary  rapidly  in 
time.  In  this  case  only  feedback  from  the  slowly  moving  users  should  be  considered,  otherwise 
identical  to  a). 

c)  The  energies  of  all  the  users  change  rapidly.  In  this  case  no  feedback  can  be  used.  The 
decorrelating  detector  is  well  suited  for  this  environment  since  it  is  energj'  independent  and  has 
optimum  near-far  resistance. 

Also  note  that  an  inherent  drawback  of  feedback  schemes  compared  to  the  decorrelating  detec¬ 
tor  is  that  the  former  require  knowledge  of  the  received  energies.  Finally,  it  can  be  shown  that,  if 
R  is  not  invertible,  the  results  obtained  still  apply  if  F  excludes  all  linearly  dependent  users. 

Appendix  3.1:  Performance  analysis  of  partial  feedback 

From  (3.165)  the  partial  feedback  detector  decides  for: 

=  sgn  (  y/w^bk  +  ml  Ip  W(b  -  6)  -t-  )  ,  n"  ~  N  (0,  a'v-)  ,  (3.175) 

where  we  have  set  1  -f-  N^.  Ip  :=  The  prol  ability  of  error  for  this  decision  scheme 

is,  by  symmetry 

Pb(2)/e)  =  P  {bf^  =  1  A  =  -1)  +  P  (6^2)  =  -1  A  =  1) 

=  =  -Ubh  =  l) 

j€F 
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=  P  =  -1 1  ,  6fc=i)  P  (bjjeF  I  bj,jeF  ,  fti=i)  P  ibj,jeF  1  bt=i) 

jef 


=  ^  51  P  (n'^  <  mj  If  W(b  -  £)  -  I  P  (6j,>€f  I  6j,jef  ,  6t=l) 

i€F 


-  2\n  ^ 


f  Rkjy/^  (bj  -  bj)\ 


iOpij) 

i€F 


(TV 


PibjjeF\bj,jeF ,  6i=i) 


/ 


(3.176) 

The  probability  P  {bj,j€F  \  bjJeF  ,  6t=l)  is  hard  to  specify.  However,  noticing  that  the  joint 
event  bj  =  x,jeF  is  contained  in  the  marginal  event  6,  =  Xj,  for  each  i  G  P,  we  can  find  an  upper 
bound,  which  is  exact  in  the  two-user  case. 


P  {bj,j&F  I  bjJeF  ,  6jfc=l)  <  minP  (6,  \  bjjeF  ,  i>t=l)  .  (3.177) 

Next  we  have  to  use  the  precise  form  of  the  detector  used  to  obtain  the  6,.  For  the  decorrelating 
detector  the  decision  on  the  symbol  of  each  user  is  independent  of  the  interfering  transmissions  of 
the  other  users,  i.e.. 


Pibi\bj,jeF,b,=l)  =  Pibilbi) 

=  ^»  +  (3-178) 

where,  for  notational  simplicity,  we  have  abbreviated  by  Q,  the  probability  of  error  of  the  decorre¬ 
lating  detector,  i.e.,  Qi  =  Q{^JwifR~^ /a),  and  6ij  is  as  usually  zero  for  i  ^  j  and  one  else.  So  we 
now  have 

P  {bj,j€F  I  bj,]^F  ,  6i=l)  <  min  [  Q,  -I-  6^,j,(l  -  2Q,)  ]  .  (3.179) 

Let  the  index  set  i  =  0}  of  users  whose  first-stage  decisions  are  erroneous,  be  denoted  by 

5.  Also  let  be  the  permutation  of  the  users  in  F  according  to  increasing  decorrelating 

detector  error  probability  Q,  (i.e.,  we  order  the  users  according  to  their  expected  reliability),  and 
let  r{i)  return  the  rank  of  User  i  in  this  permutation,  i.e.,  r(?jt)  =  k.  Let  i(S)  be  the  index  of  the 
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user  in  S  with  the  lowest  g,,  i.e.,  i(S)  =  which  is  the  index  of  the  most  reliable  user 

among  those  who  did  make  a  first-stage  decoding  error.  (3.179)  now  becomes 


P  {bj,j€F  I  6j,j€F  ,  6fc=l)  < 


min 

«65 

Qi, 

S^<D 

1  - 

max  Q.  , 

5  =  0 

f  Qi(S)  >  #  0 

1  1  -  Qi(F)  '  -S'  =  0  • 


(3.180) 


Thus,  combining  (3.176)  and  (3.180),  we  obtain 


ye/’ 


Q 

- 

-  E  (bj  -  bj)\ 

yeP 

f  Q.(S)  ^  ■S'  7^  0 

1 

av 

y 

1 1  -  Qi(F)  1  -S  =  0 

.  (3.181) 


Now,  bj  -  hj  cau  have  the  values  0,  2  sgriR^j  or  -2  sguP^j,  and  the  ”-l-sgn”  case  makes  a  higher 
contribution  to  P(e),  while  having  the  same  pattern,  so  that  the  other  Q-term  affecting  the 
error  probability  is  the  same.  Hence  the  leading  terms  for  <t  0  are  among  those  for  which 
e  {(l,l),(-l,-l),(sgnPit>,-sgnPjtj)}.  Denote  by  A  the  subset  of  pairs  (b,b)  whose 
components,  yeP,  are  in  the  above  set.  Then 


pt/fl 


(e) 


<7-— 0 


1 

2l^l 


E 

(b,b)e,4 


Q 


-  E  ,y 

j^F 


(TV 


( Qi{S} .  -S'  #  0 

t  1  “  Qi{F)  >  -S'  =  0 


(3.182) 

The  above  expression  depends  on  {bj,bj)  only  through  ^ ^  j  •  Hence  we  can  group  the  summands 
whose  pattern,  jsP,  coincides  in  all  components,  as  follows.  There  are  2^^^  sets  •  i  G 

F}.  Fix  &  j  e  F  and  consider  the  corresponding  component  pair  (6,, 6,).  If  (5.  t  =  0  i  e  the 
corresponding  components  are  different,  there  is  only  one  possibility  for  the  components,  since 
(b.b)  e  A.  Otherwise,  there  are  two  choices  which  result  in  (5^  ^  =  1.  This  implies  that  the 
number  of  vector  pairs  (b,b)  €  A  which  result  in  the  same  pattern  for  ji  S  P  is 


E  h  * 

2it>  ^  21^1-1^1 


(3.1S3) 
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Therefore  the  right  hand  side  in  (3.182)  equals 


1 

2l-f| 


bjbj 

;€F} 


2IFI-ISI 


r  /y/Wk  -  E 

/  Qi(S)  ^  7^  0 

1  av 

J 

- 1 

II 

'o 

1 

(3.184) 


where,  recall,  5  =  =  0}  is  the  index  set  of  the  users  whose  first-stage  decisions  are 

erroneous.  r(S)  is  the  index  of  the  user  in  5  with  the  lowest  Qi,  i.e.,  with  the  lowest  error  probability 
when  deciding  for  bi  with  the  decorrelating  detector,  among  those  users  in  F  who  made  wrong  first- 
stage  decisions  on  their  bits.  Among  all  sets  5  with  the  same  i(5),  the  set  which  will  asymptotically 
dominate  the  error  probability  as  <t  — ►  0  is  the  one  which  includes  all  users  in  F  with  Qi  >  Q,(S)- 
This  set  has  |F|  -  r(i(5))  -f-  1  elements.  Hence  letting  j  :=  r(i(-?))  run  from  1  to  \F\  we  have 


p!/^  (e)  _ ► 


1 

21^ 


2^  -^  Q 


/v/^  -  ^  l^knly/m] 

Qn>Qi^. 


av 


(3.185) 


and  finally,  neglecting  versus  1  (since  it  becomes  arbitrarily  small  for  a  — ►  0),  and  after  the 

change  of  variable  i  :=  . 


pUB 

h(-lk 


ie) 
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1 

2i^l 


i€F 


/v^ 


Q 


E  \Rkn\V^\ 

nef 
Qn>Qi 


aviF) 


(3.186) 


where  we  have  made  explicit  the  dependence  of  the  noise  variance  i'  on  the  feedback  set  F.  If 
F  =  0  the  above  expression  reduces  to  the  first  term,  and  since  it  is  easily  shown  that  r"(0)  = 
1  -f  m^Nm  =  T]f  (the  asymptotic  efficiency  of  the  decorrelating  detector),  the  upper  bound  in 
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(3.186)  is  achieved  if  F  is  empty.  In  the  sequel  we  consider  the  case  F  0.  Then  (3.186)  has  the 
form 


(e) 


<T— *0 


E 

ieF 


)  +  k]Q{xa,)Q{^{l-c,)) 


(3.187) 


where  x^^ja,  kl  =  l/\F\,  it?  = 

(3.188) 

ai  =  Jnf  >  0 

(3.189) 

and  c,  =  2  ^  >  0  . 

(3.190) 

In  investigating  the  associated  asymptotic  efficiency,  we  will  make  use  of  the  following  properties, 
which  are  immediate  if  the  asymptotic  efficiency  is  thought  of  as  the  slope  with  which  the  logarithm 
of  the  error  probability  decays  in  the  high  SNR  region  : 

1)  The  asymptotic  efficiency  obtained  from  an  upper  bound  on  the  actual  error  probability  is  a 
lower  bound  on  the  actual  asymptotic  efficiency. 

2)  The  asymptotic  efficiency  obtained  from  a  sum  of  terms  is  lower  bounded  by  the  minimum  of 
the  asymptotic  efficiencies  obtained  from  the  single  terms. 

Then,  if  denotes  the  asymptotic  efficiency  resulting  from  the  summand,  the  user 
asymptotic  efficiency  of  the  decision-feedback  detector  is  by  1)  and  2)  lower  bounded  by 


Vk  ~  •  (3.191) 

i€F 

Each  T]‘f.  is  the  asymptotic  efficiency  associated  with  an  error  probability  of  the  form 

P  =  klQ  (^)  +  k'lQ  (xa)  Q  (i(l  -  c))  ,  a,c>  0  (3.192) 

hence  is  a  function  of  a  and  c.  We  distinguish  the  following  cases  : 

A  c  >  1  =>  in  the  high  SNR  region 

P kl  Q  ^  Q  {xa)  (3.193) 

V  I 


=>  77>  1/r-  min(a*i!",  1). 

£  c  <  1.  We  use  the  inequabty  Q(a)  <  1/2  exp(-Q"/2)  for  q  >  0  (e.g.  [Woz])  to  upper  bound 


P .  e  got 


< 

“  2 


k~  ' 


+ 


k-  T-  -> 
iie-V"'  e- 


(3.194) 
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Bl  (1  -  c)^  +  >  1:  then  in  the  high  SNR  region  the  upper  bound  will  approach  the  first 

term,  and  by  1)  r/  >  l/u^. 

B2  (1  —  c)~  +  a}v~  <  1;  then  in  the  high  SNR  region  the  upper  bound  will  approach  the 
second  term,  and  by  1)  7/  >  ((1  -  c)^  +  a?v^)(v“ . 

Finally,  combining  with  (3.191),  we  obtain 

(3.195) 

where 


1 , 

for  c  >  1,  X  >  1 

and  c  <  1,  (1  -  c)^  -1- >  1 
for  c  >  1,  X  <  1 

(3.196) 

(1  -  cf  -1-  x2  , 

else  . 

■ 

Appendix  3.2  :  Near- far  resistance  of  partial  feedback 


Let  rj  be  a  short  hand  notation  for  ^/wfjwk-  We  want  to  show  that  the  lower  bound  on 
user  asymptotic  efficiency  given  in  Proposition  3.19  is  near-far  resistant  for  each  feedback  set  F, 
i.e., 

^  =  min  7?jf  >  0  .  (3.197) 

«€> 

By  definition  (3.168)  a,  =  yjp^ri.  We  have  the  following  upper  bound  on  c,,  which  will  be  useful 
since  /  is  nonincreasing  in  c. 


c.(F)  =  2  Y.  =  Y  \Rkn\-^ 


—  2  ^  |f^jfcnl  /— r  —  2  ^  l-^fcnl  /— j 


neF 

On  <<i| 


nef 


=  ,  fcc  >  0  . 


(3.198) 

(3.199) 

(3.200) 


Now  the  function  /  has  three  regions,  given  by  the  three  cases  in  its  definition  (3.171).  In  the 
second  region 

1  <  c,  <  kcr,  and  kc^^v  <1  =>  —  <  r,  <  ■—  (3.20i) 

rC^V 
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therefore  /  is  lower  bounded  by 


In  the  third  region 


/(a,u,c,)  =  =  Tjfv^rf  >  rifv^ 


.2  ^  „d„2^2  ^  „d„2j_ 


0  <  c,  <  min{jtc^n  1}  1  >  1  -  c,  >  1  -  min{/rc?'xi  1}  >  0 


(3.202) 


(3.203) 


therefore  /  is  lower  bounded  by 


nd„2 


fiaiv,ci)  =  (1  -  c.)2  +  v^a'j  >  inin  [(1  -  kcnf  +  r)fr‘fv‘^]  = 


‘e^<l 


(3.204) 


Finally,  combining  the  three  cases, 


f(aiv,ci)  >  mm{l,  tt,  .  y"}  =  - 


(3.205) 


which  is  independent  of  i.  From  here,  using  (3.195),  t)^  >  l/(^t  +  t^^)>  which  is  energy-independent. 
Using  the  definition  (3.200)  of  and  the  definition  of  v,  (3.173)  follows,  together  with  a  strictly 
positive  near- far  resistance,  since  Njt  is  positive  definite.  ■ 
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4.  Near- far  resistance  of  multiuser  detectors  in  asynchronous 
channels 

4.1  Optimum  near-far  resistance  of  linear  detection 

4.1.1  Multiuser  communication  model 

Let  the  receiver  input  signal  be 

r(t)  =  S(t,b)  +  n(t)  ,  (4.1) 

where  n(t)  is  zero-mean  white  Gaussian  noise  with  power  spectral  density  cr^  and 

M  K  _ 

S{t,  b)  =  X!  51  Skit  -  iT  -  n)  (4.2) 

i=-Mk=l 

is  the  element  of  £2  (the  Hilbert  space  of  square-integrable  functions)  which  contains  the  informa¬ 
tion  sequence  b  =  {b(i)  =  [l>i(t), ...,1>A'(*)]*  ^  {-1,1}, A:  =  l,...,A";i  =  -M, ...M),  sjt(t)  is 

the  normalized  signature  waveform  of  User  k  and  is  zero  outside  the  interval  [0,T],  and  Wj-ii)  is  the 
received  energy  of  User  k  in  the  time  slot.  Let  N  =  2M  -f  1  be  the  length  of  the  transmitted 
sequence.  Without  loss  of  generality  it  is  assumed  that  the  users  are  numbered  such  that  their 
delays  satisfy  0  <  rj  <  ...  <  <  T.  The  normalized  signal  5(t,b)  is  the  receiver  input  signal 

corresponding  to  unit  energies. 

Define  the  vector  space  L  =  (x  =  [  x(— M),...,x(M)  ]  =  [  [  xi(  — M), ...,x k{—M)  ]  ,  ...  , 

[  xi{M),...,xi{{M)  ]  ]^,  Zfc(z)  e  IR,  k  =  i  =  (each  element  of  which  can  be 

equivalently  viewed  as  a  sequence  of  N  {K  *  1)- vectors  or  as  one  single  (N K  *  l)-vector),  and  define 
the  (Jfc,i)*^  unit  vector  u^’‘  in  L  as  Uj'\l)  =  <  •,•  >  denote  the  usual  inner  product  on 

£21  i.e.  the  integral  of  the  product  over  the  region  of  support,  with  induced  norm  ||  •  ||.  Henceforth, 
we  make  the  following  assumption  on  5(<,b); 

Linear  Independence  Assumption  (LIA)  : 

Vx€L,X5^0  =>  |j5(t,x)|j  7^  0  .  (4.3) 

In  other  words,  no  matter  what  the  user  energies  are,  the  received  signal  does  not  vanish 
everywhere  if  at  least  one  of  the  users  has  transmitted  a  symbol.  This  condition  fails  to  hold  only 
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in  pathological  non-practical  cases  with  very  heavy  crosscorrelation  between  the  signals,  such  as 
the  two-user  example  in  Figure  14.  There,  if  the  delay  between  the  users  is  r/2,  the  received 
signal  can  be  identically  zero  although  transmissions  have  been  made  (this  happens  if,  for  all  t, 
62(1)  =  It  is  shown  in  Appendix  4.1  that  such  a  situation  will  arise  with  probability  zero 

if  the  a  priori  unknown  delays  are  uniformly  distributed,  which  is  the  case  in  an  asynchronous 
unslotted  channel  used  by  non- cooperating  users.  Basically,  in  order  to  violate  the  LIA,  a  subset 
of  the  users  must  be  effectively  synchronous  and  the  modulating  signals  of  this  subset  have  to  be 
heavily  correlated. 


s,(t) 


1/2 


1 


t 


A 


t 


Fig.  14.  Example  of  signature  waveforms  which  can 
violate  the  LIA. 


For  simplicity  the  LIA  will  be  in  effect  in  the  rest  of  this  section.  It  has  been  shown  to  be  a 
mild  condition.  If  it  is  removed  all  the  given  results  can  be  generalized  in  a  manner  analogous  to 
the  treatment  of  the  synchronous  transmission  case.  The  changes  that  have  to  be  made  are  given 
in  Appendix  4.2. 

The  sampled  output  of  the  normalized  matched  filter  for  the  bit  of  the  user,  t  = 
— M, ...,  M,  is 

iT+T+ri 

ykii)=  I  -  iT  -  Tk)dt  (4.4) 

iT+r, 

00  00 

=  J  5(/,  h)sk{t  -iT  -  Tk)dt  -f  j  n{t)sk{t  -  iT  -  Tk)dt  ,  (4.5) 

—00  — CX> 

where  the  second  equality  is  valid  since  the  signals  are  zero  outside  [0,T].  It  is  well  established  (e.g. 
[Ver  86a])  that  the  whole  sequence  y  of  outputs  of  the  bank  of  K  matched  filters,  with  components 
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Vkii)  given  by  (4.4),  for  k  =  1,  i  =  —  M,  is  a  sufficient  statistic  for  decision  on  the  most 

likely  transmitted  information  sequence  b.  The  multiuser  demodulation  problem  at  the  receiver  of 
User  k  now  is  to  recover  the  sequence  {6fc(t)},  transmitted  by  User  k,  from  the  sequence  y  £  L.  Due 
to  the  uncertainty  introduced  by  the  noise  any  detector  will  have  a  nonzero  probability  of  making  an 
error.  The  different  detectors  are  characterized  by  their  probability  of  error  versus  computational 
complexity  tradeoff.  Motivated  by  the  state  of  the  art  -  where  the  choice  lies  between  the  optimum 
multiuser  detector,  which  is  of  exponential  complexity  and  the  ad  hoc  single  user  detector  whose 
performance  degrades  to  zero  for  sufficiently  high  interference  energy  -  we  define  a  class  of  simple 
detectors  and  optimize  performance  within  this  class,  to  obtain  an  acceptable  error  probability 
versus  complexity  tradeoff. 

A  linear  detector  for  bit  i  of  User  k  is  characterized  by  v*’‘  £  L.  The  decision  of  the  detector  is 
given  by  the  polarity  of  the  inner  product  of  v^’*  and  the  vector  y  of  matched  filter  outputs,  which 
is  equal  to 


M  K 


E  r 

/=-Af  >=. 


oo 

=  J  S(t,wb)S(t,  +  njt,,- 

— OO 


=  <  5(t,wb),5(t,  V^’*)  >  +  nk,i  , 


(4.6) 

(4.7) 


where  for  any  sequence  b  of  information  bits,  wb  will  denote  the  sequence  of  amplitudes  wb  = 
{[\/^l(*)^l(0i  \/^A'(*)^A'(0]>  *  =  is  the  noise  component  at  the  output  of  the 

cascade  of  matched  filter,  sampler  and  detector,  hence  is  a  Gaussian  zero-mean  random  variable 
with  variance  given  by 

oo 

H  /  a'^Skit-lT -Tk)sj{t-iT -Tj)dt  -  a2||5(t,  v*’‘)||2  .  (4.8) 

-oo 


The  receiver  decides  on  the  i**  bit  of  the  k**  user  according  to  the  rule 


M  K 


huii)  =  sgn  ^  £  v^il)  Vjil) 

(4.9) 

l=-M  7  =  1 

=  sgn  (<  5(f,wb),5(f,  v^-‘)  >  -f  n^  ,)  . 

(4.10) 

Wherever  it  is  clear  from  the  context,  the  superscripts  k,i  will  be  omitted. 
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Matrix  Notation:  It  is  convenient  to  introduce  the  following  compact  notation.  Define  the  K  *  K 
normalized  signal  crosscorelation  matrices  R(/)  whose  entries  are  given  by 

oo 

Rkjii)=  j  Skit-Tf.)  Sj(t  + IT  -  Tj)  dt  .  (4.11) 

—  OO 

Then,  since  the  modulating  signals  are  zero  outside  [0,T] 

R(/)  =  0  V  |/|  >  1  ,  (4.12) 

R(-/)  =  R^(0  ,  (4.13) 

and,  if  the  users  are  numbered  according  to  increasing  delays,  R(l)  is  an  upper  triangular  matrix 
with  zero  diagonal.  Also  let  W(/)  =  diag  ([\/t«i(0»  •••»  V'^kU)])-  With  this  notation  the  matched 
filter  outputs  for  I  =  can  be  written  in  vector  form  as  (cf.  [Ver  83b]) 

y(/)  =  R(-1)W(/  +  1)  b(/  +  1)  +  R(0)W(/)  b(/)  +  R(1)W(/  -  1)  b(/  -  1)  +  n(/)  ,  (4.14) 

as  can  be  seen  for  each  component  by  inserting  (4.1)  into  (4.4).  We  make  the  convention  that 
b(-A/  -  1)  =  b(M  +  1)  =  0.  n(/)  is  the  matched  filter  output  noise  vector,  with  autocorrelation 
matrix  given  by 

E  [n(i)n^(j)]  =  R(i  -  j)  •  (4.15) 

The  entries  of  the  matrices  R(0,  i  =  -1,0,1  are  obtained  at  the  receiver  by  crosscorrelating 
appropriately  delayed  replicas  of  the  normalized  signature  waveforms  according  to  (4.11).  Note 
that  no  additional  complexity  is  hereby  required  of  the  receiver,  since  knowledge  of  the  normalized 
signature  waveforms  and  the  capability  to  lock  onto  the  respective  delays  are  necessary  for  matched 
filtering  and  sampling  at  the  instant  of  maximal  signal-to-noise  ratio. 

In  contrast  to  (4.5)  the  asynchronous  nature  of  the  problem  is  clearly  transparent  in  (4.14). 
To  make  this  notation  more  compact  we  define  unifying  variables,  the  N K  *  N K  symmetric  block- 
Toeplitz  matrix  TZ  and  the  NK  *  NK  diagonal  matrix  W,  as  follows; 

R(0)  R(-l)  0  ...  0  \ 

R(l)  R(0)  R(-l) 

0  R(l)  R(0)  0  ’ 

;  •••  •••  R(-l) 

0  ...  0  R(l)  R(0)  / 
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(4.17) 


W  =  diag  {[yj  wi{-M),...,yJwKi~M),. . .  ,  yj  wi{M), ^  wk{M)])  . 

In  this  notation  the  matched  filter  output  vector  y  depends  on  b  via,  from  (4.14) 

y  =  HWh  +  n  .  (4.19) 

The  matrix  V.  can  be  interpreted  as  the  cross-correlation  matrix  for  an  equivalent  synchronous 
problem  where  the  whole  transmitted  sequence  is  considered  to  result  from  N  *  K  users,  labeled  as 
shown  in  Figure  15,  during  one  transmission  interval  of  duration  Te  =N  *T  +  —  t\. 


1  K  *  1 

I - 1 - ^ 


NK-K  *  1 

< - 1 


2 

I - 


4 


K  2K  NK 

I - 1 - 4—  _  _  -  — J - 1 


*♦ 


To 


Fig.  15.  Equivalent  synchronous  transmitted  sequence. 


Then  the  results  presented  here  for  finite  transmission  length  can  be  derived  via  analysis  of 
synchronous  multiuser  communication,  as  done  n  Chapter  3.  However,  the  approach  taken  here  is 
more  general  and  gives  more  insight  into  the  nature  of  the  problem.  The  limit  — *  oo  is  considered 
in  Section  4.2.2. 

The  decision  made  on  the  bit  of  the  user  at  the  output  of  the  detector  v  is: 

6^(t)  =  sgn  v^y  =  sgn  v^(  TZWh  -I-  n  )  .  (4-20) 

As  for  the  inner  product,  for  all  x,  y  in  Z 

<  S(<.x)  .  5(<,y)  >  =  x^TJy  =  <x,y>7i.  (4.21) 
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It  can  be  seen  from  (4.21)  and  from  (4.3)  that  V,  is  positive  definite. 

Definition  :  We  will  refer  to  the  {k,iY^  row  (or  column)  of  a  matrix  of  the  dimension  of  Tl  when 
we  want  to  name  the  row  (or  column)  within  the  block  in  vertical  (horizontal)  direction. 

4.1.2  Near-far  resistance 

We  first  assume  N  to  be  finite,  as  is  the  case  in  all  communication  enviroiiments,  and  prove 
existence  of  a  linear  filter  which  achieves  the  near-far  resistance  of  optimum  multiuser  detection. 
This  filter  is  nonstationary  for  finite  N.  The  limit  iV  — ►  oo  is  then  considered,  yielding  a  sta¬ 
tionary  noncausal  limiting  filter,  and  hence,  after  appropriate  truncation  of  the  noncausal  part,  an 
approximation  of  the  near-far  optimal  linear  filter  which  can  be  implemented  easily. 

As  shown  in  [Ver  86b]  the  asymptotic  efficiency  of  the  optimal  multiuser  detector  rj  is 

where  is  the  set  of  error- sequences  e  =  {«•(*)  €  {—1,0, 1}^,  i  =  -M,  e^(i)  =  1}  that  affect 

the  bit  of  the  k^^  user.  The  NP-compIeteness  of  this  problem  for  a  positive  definite  matrix  R 
was  established  in  Section  3.2.2. 

In  an  environment  where  the  transmission  energies  change  in  time,  e.g.  if  the  transmitters  are 
mobile,  a  performance  measure  of  interest  for  any  detector  is  its  k*^  user  near-far  resistance, 
which  is  defined  for  each  detector  as  its  worst-case  asymptotic  efficiency  for  bit  i  of  User  k  over  all 
possible  energies  of  the  other  (interfering  and  non-interfering)  bits,  i.e. 

=  inf  Vk,r  ■  (4.24) 

In  our  definition  of  near-far  resistance  we  model  the  most  general  caise,  where  the  energies  of  the 
users  are  allowed  to  be  time-dependent.  This  captures  the  worst-case  operating  conditions  of  the 
detector,  which  are,  for  example,  encountered  in  mobile  radio  communication,  due  to  positioning 
and  tracking  variations.  In  the  case  where  the  energies  are  constrained  to  be  arbitrary  but  non¬ 
varying  the  present  near-far  resistance  is  a  lower  bound.  That  case  is  not  amenable  to  closed-form 
analysis,  since  one  has  to  deal  with  a  combinatorial  optimization  problem. 
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For  illustration  consider  the  two-user  case.  If  the  user  energies  are  constant  over  time,  i.e. 
wi(i)  =  wi,  W2(0  =  W2,  the  asymptotic  efficiency  of  the  optimal  multiuser  detector  given  by  (4.23) 
reduces  to  [Ver  86b]: 

Vi  =  min  I  1,  1-H^_2max{|pi2l,|p2l|}^,  1  +  2— -  2(lpi2| -I- |p2ll)^ 

1.  v“"'l  y/Wl 

and  hence 

»7miii  =  min  t?i  =  min  |  1  -  pj2,  1  -  P21,  1  -  P12  -  P21  +  |  ,  (4.25) 

u/j  eonit.  I  ^  } 

and  analogously  for  User  2,  where  pi2  =  fZi2(0)  and  P2l  —  ■^12(1)-  The  dependence  of  rji  for 
constant  energies  on  the  energy  ratio  is  shown  in  Figure  16. 


Fig.  16.  Asymptotic  efficiencies  in  the  2-user  case  for  infinite 
transmitted  sequence  length,  when  the  user  energies  are  constant 
over  time  (here  we  chose  IP12MP21I  =  0.3,0. 5). 
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Note  that  the  optimal  multiuser  detector  is  near-far  resistant,  and  in  fact  has  an  asymptotic 
efficiency  of  unity  for  sufficiently  powerful  interference  ([Ver  86b]).  Intuitively  this  is  because  in 
that  case  the  interferers  can  be  “perfectly”  recovered  and  their  contributions  can  be  subtracted 
from  the  decision  statistic.  Note  also  that  in  this  case  three  different  error- sequences  minimize 
(4.23)  for  different  values  of  102/1^1,  as  can  be  seen  from  the  discontinuity  points  of  the  derivative 
of  rf.  The  minimum  of  77  over  constant  energies,  timing  i®  upper  bound  on  the  near-far  resistance 
of  optimum  multiuser  detection  which  is  the  minimum  asymptotic  efficiency  over  unconstrained 
energies. 

The  near-far  resistance  of  the  optimal  multi-user  detector  is  important  since  it  is  the  least 
upper  bound  on  the  near-far  resistance  of  any  detector,  and  a  measure  of  the  relative  performance 
of  any  suboptimal  detector.  From  (4.23)  and  the  definition  of  near-far  resistance  it  is  equal  to 


inf  — ^  min  (|5'(t,we)|p 

(4.26) 

1  -> 

inf  min  11  5(t,  — 7==wf)|r 

u/j(i)eon«t. 

(4.27) 

mf  l|S(t,y)l|2  . 
yt(*)=i 

(4.28) 

In  Section  4.2  a  closed  form  expression  for  (4.28)  is  obtained  as  the  reciprocal  of  the  (fc,  t)^*  diagonal 
element  of  the  inverse  of  "R.  (see  footnote  7).  Hence,  though  nonobvious  because  an  inf  and  not 
a  min  is  considered,  the  near-far  resistance  of  optimum  multiuser  resistamce  is  guaranteed  to  be 
nonzero  because  of  the  linear  independence  assumption  of  (4.3),  which  ensures  that  R.  is  invertible. 

We  now  turn  to  the  performance  analysis  of  the  linear  detectors  introduced  above.  The  prob¬ 
ability  of  error  at  decision  upon  bk{i)  of  the  linear  detector  v  is,  from  (4.10); 

P*(i)  =  P{h{i)  #  bkii))  (4.29) 

=  P(<  5(<,wb) ,  5(t,  v)  >  -t-  <  0  I  6jt(i)  =  1)  .  (4.30) 

The  equality  follows  since  the  hypotheses  -1-1,  — 1  are  assumed  equally  likely.  Let  B  be  the  set  of 
possible  transmitted  sequences.  From  (4.8)  is  a  zero-mean  Gaussian  random  variable  with 
variance  (t*||5(<,  v)||^,  hence  the  probability  of  error  in  (4.30)  is  a  sum  of  Q-functions,  one  for 
each  possible  interfering  bit -combi nation.  For  <7  — ►  0  the  Q-function  with  the  smallest  argument 
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dominates  the  error  probability,  hence  from  (2.1),  since  the  expression  below  is  shown  to  be  upper 
bounded  by  1  via  the  synchronous  equivalent  (Section  4.1.1)  and  the  proof  in  the  synchronous  case 
(Section  3.3),  the  asymptotic  efficiency  achieved  by  the  linear  detector  v  for  the  bit  of  the 


%,i(v)  = 


U’t(l) 


0,  min 

b€B 

4t(.)=l 


<  5(f,wb),5(f,  v)  > 
\\S{t,  v)|| 


(4.31) 


Knowledge  of  the  asymptotic  efficiency  of  a  linear  detector  is  equivalent  to  knowledge  of  the  worst- 
case  probability  of  error  over  the  bit  sequences  of  the  interfering  users,  since  this  error  probability, 
which  is  a  Q-function,  is  set  equal  to  Q{yjT)k^i{v)wf;{i) / a)  to  obtain  (4.31).  Note  that  when  we  say 
worst-case  error  probability  in  this  chapter,  we  mean  with  respect  to  interfering  bit  sequences  or, 
when  explicitly  stated,  with  respect  to  energies,  and  not  also  with  respect  to  delays  and  phases,  as 
e.g.  in  [Pur  82]. 

For  illustration  consider  the  conventional  single-user  detector  in  the  two-user  case.  We  have 
V  =  u^"’'  (recall  that  u^’’  is  the  (fc,f)‘^  unit  vector  in  the  space  L  of  linear  detectors).  If  the  user 
energies  are  constant  over  time,  i.e.  t/;i(e)  =  wi,  W2(i)  =  W2,  the  asymptotic  efficiency  of  the 
conventional  single-user  detector  is  found  from  (4.31)  to  be: 

Tjf  =  max'^  |o,  1  -  (|pi2l  +  |p21 1)^=1  ,  (4.32) 

and  analogously  for  User  2,  where  pi2  =  Ri2(0)  P2l  —  Rl2(l)-  The  dependence  of  for 
constant  energies  on  the  energy  ratio  is  shown  in  Figure  16.  Note  that  the  asymptotic  efficiency  of 
the  conventional  single-user  detector  is  zero  for  sufficiently  high  interference  energy  y/wi  > 

1/(!pi2|  +  l/’2i|)).  This  implies  that  its  near-far  resistance  is  zero,  which  is  what  we  want  to  remedy. 

There  are  three  quantities  of  interest  in  this  communication  environment.  They  are  the  trans¬ 
mitted  bit-sequence,  the  set  of  energies  (these  depend  only  on  the  transmitters  and  determine 
the  operating  points  for  the  receiver)  and  the  data-processing  linear  detector  v.  In  determining 
\/hat  linear  detector  to  choose  at  the  receiver  a  useful  procedure  is  the  minimax  approach,  in 
which  the  design  goal  is  to  optimize  the  worst-case  performance  of  the  receiver  over  the  class  of 
operating  points.  Thus  we  are  interested  in  finding  the  maximin  linear  detector,  whose  worst-case 
performance  over  all  allowable  input  sequences  is  the  highest  in  the  class  of  linear  detectors.  The 
following  result  quantifies  the  performance  of  the  maximin  detector,  in  the  sequel  denoted  by  v*. 


Proposition  4.1  :  There  e.vists  a  linear  detector  (which  is  independent  of  the  received  energies) 
that  achieves  optimum  near-far  resistance.  0 
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In  other  words,  there  is  a  linear  detector  which  achieves  the  near-far  resistance  of  the  optimum 
multiuser  detector. 


Proof:  From  (3.10)  the  asymptotic  efficiency  of  the  linear  detector  v  is 


/  ^  1  2  In  •  <  5(t,wb),5(t,v)  > 

t;l  ,(v)  =  — r-r-  max  <  0,  min  - - 

\  l|S(l,v)|| 


I  2 

=  mm  — — r  max 


b€B  v)i.{i) 
1 

=  mm  — — 
befl  wdi) 


max 


r  <  S{t,wh),S(t,v)  >] 

1  ’  P(^v)||  / 

2f„  b^WTCvl 


(4.33) 

(4.34) 

(4.35) 


where  in  the  last  equality  we  have  used  the  compact  matrix  notation  of  (4.21)  for  simplicity.  We 
are  interested  in  the  energy-independent  linear  detector  with  the  highest  worst-case  asymptotic 
efficiency,  i.e.  whose  near-far  resistance  is 


r/fc,,(v*)  =  sup  inf  ,(v) 

.  V6X.  U'>(0>0 

|lS((,v)||j60  Wj^(i)const. 


=  sup 

viL 


inf  min  — rrr  max^ 

bfB  wn{l) 

wj^{i)const.  ^ 


uT ^ 


=  sup  inf 

V^-Rv^o  yifc(»)=< 


o 

max" 


y^TZv  \ 

Vv^TZw  ) 


=  max"  < 


0,  sup  inf 

V€C  VV^TCv 


(4.36) 


(4.37) 


(4.38) 


(4.39) 


where  we  have  set  yj{l)  =  bj{l)yJwj{l)/\/wf;{i)  for  the  third  equality.  Let  A/(v,y)  denote  the 
penalty  function  y^TZvlV v^TZv,  where  the  first  argument  is  from  the  set  H  of  detectors  and  the 
second  from  the  set  Q  of  operating  points.  We  now  show  that  A/(v,y)  has  a  saddle  point,  i.e. 


I 


sup  inf 
vet 

vT'tIv^O  Vitf''-' 


y^2^ 
’/  v^Tvv 


inf  sup 

y€r  vez, 

¥*(•'=*  vT'TCv^O 


y^T^v 


(4.40) 


which  means  that  the  sequence  of  sup  and  m/in  (4.39)  can  be  interchanged. 
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Though  the  penalty  function  of  (4.39)  looks  similar  to  the  signal-to-noise  ratio  functional 
encountered  in  the  robust  matched  filtering  problem  [Ver  83a],  \  <  h,s  >  \'^ /  <  h,'Eh  >,  the 
problem  is  different  here  because  the  numerator  can  be  negative.  Thus  we  have  to  establish  the 
result  “from  scratch”.  In  order  to  show  that  A/(v,y)  has  a  saddle  point,  i.e.  satisfies  (4.40),  we 
show  that  it  satisfies  the  requirements  of  the  following  theorem: 

Theorem  4.1  [Ver  84a,  Thm.  2.1]:  Suppose  Q  is  a  convex  set  and  M(v,  •)  is  convex  on  Q  for 
every  \  &  H.  Then  if  (v£,yi)  is  a  regular  pait^^^  for  the  following  are  equivalent: 

a)  yi  G  arg  min  sup  Af(v,y), 

y€Q 

b)  (vi,yi)  is  a  saddle  point  solution  for  {H,Q,M). 

This  theorem  establishes  that  if  we  exhibit  a  regular  padr  whose  second  ar  ment  satisfies  a), 
the  game  (H,Q,M)  has  a  saddle  point,  which  means  that  the  sequence  of  max  and  mm  in  (4.39) 
can  be  interchanged.  In  the  following  we  find  a  suitable  regular  pair,  thereby  proving  (4.40). 

Clearly  the  convexity  conditions  are  satisfied.  We  need  to  find  a  candidate  regular  pair.  Note 
that  the  value  of  the  inf  term  in  (4.39)  is  -oo  (which  gives  a  near-far  resistance  of  zero)  unless  v 
is  picked  such  that  Tly  =  u*'’‘(q  is  invariant  with  respect  to  scaling  of  v).  u*'’*  is  the  (fc,  t)‘^  unit 
vector  in  the  Hilbert  space  I,  defined  as  «*’*(/)  =  This  gives  us  a  candidate  for  an  optimal 

detector  v^:  d,  with  72d  =  (If  this  detector  is  indeed  optimal,  which  follows  if  the  candidate 
pair  is  regular  and  satisfies  a),  it  coincides  with  v*). 

Definition:  A  decorrelating  detector  d’’*'  for  the  bit  of  the  user  is  an  element  of  L  for 
which  the  following  relation  holds: 

WxeL  :  <  5(f,d*’*),  5(/,x)  >  =  Xk{i) .  (4-41) 

Equivalently,  IZd  =  u’’*  and  the  candidate  vi  =  d  (superscripts  are  omitted).  The  explanation 
of  the  name  of  “decorrelating”  is  similar  to  the  one  given  in  the  synchronous  case  in  Section  3.3. 
From  (4.10),  using  v*’*  =  d*’*,  the  detector  decides  for  sgn{\Jwf.{i)  bf;{i)  -f-  n-kii),  i.e.  6t(z)  has 
been  decorrelated.  As  to  existence  of  the  postulated  filter,  we  show  in  Section  4.2.,  (4.63),  that 

'  *  {''L’Vl)  €  X  Q  is  a  regular  pair  for  {H,Q,M)  if,  for  every  y  €  Q  such  that  ya  =  (1  —  o)yL  +  6  Q 

for  a  6  [0, 1],  we  have 

sup  M{y,ya)  -  M(v£,,yQ)  =  0(0). 
v€// 
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a  decorrelating  detector  exists  for  any  set  of  transmitter  signals  and  delays  for  which  the  LIA  is 
satisfied. 


Next  we  find  a  yi  which  meets  the  requirement  of  point  a)  of  Theorem  4.1.  Using  the  Cauchy- 
Schwarz  inequality,  we  find  that 


sup  M(v,y)  =  sup  -y=£=  =  \/y^^y , 

Vv^TZv 


where  the  inner  product  is  maximized  for  v  =  fcy  +  {x  6  i  :  72x  =  0}. 
We  now  need  to  solve  the  Hilbert  space  optimization  problem 


(4.42) 


inf  y^Tly  (4.43) 

subject  to  yjt(0  =  1  • 

Using  (4.21)  and  the  definition  of  d  we  can  rewrite  the  minimization  problem  under  consideration 
as: 

inf  ||y||^  (4.44) 

subject  to  <  d,y  =  1  . 


II  •  11^  is  a  norm  since  7Z  is  positive  definite.  We  have  obtained  a  minimum-norm  optimization 
problem  in  Hilbert  space.  To  prove  existence  of  a  solution  we  need  to  show  the  constraint  set  to  be 
closed,  which  holds  since  the  Hilbert  space  is  finite  dimensional.  (Even  for  iV  -*  oo,  when  we  have 
an  infinite  dimensional  optimization  problem,  we  could  use  the  fact  that  the  codimension  is  finite. 
The  problem  there  is  that  the  signals  are  no  longer  square  integrable.)  The  constraint,  yk(i)  =  1, 
is  equivalent  to  y  =  u*’’  +  {x  :  <  x,d  >ji=  0}.  >4  =  [d],  the  subspace  generated  by  d,  is  a  closed 
subspace  of  dimension  1.  Hence  the  constraint  set  {x  :<  x,  d  >/j=  0}  =  A-^  is  closed.  We  now 
have  a  minimum-norm  optimization  problem  in  Hillort  space  over  a  closed  subspace.  Hence  the 
Projection  Theorem,  [Lue],  guarantees  existence  (so  we  can  replace  the  inf  by  a  min,  as  required 
in  a))  and  uniqueness  of  a  minimizing  equivalence  class  y*,  with 

y*  G  n  -t- n  >1  ,  (4.45) 


where  equality  holds  since  A  is  closed.  Hence  y^ii)  =  1  and  y*  =  k  d,  which  implies 

y*  =  — ^  d 
^  dkii) 


(4.46) 
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We  now  have  a  candidate  regular  pair  which  satisfies  a):  (v£,yi;)  =  (d,  (djt(t))  ^d).  From 

(4.42)  and  the  definition  of  regularity  we  have  to  check  the  dependence  on  a  of 


=  y/d^7Zd  +  2a(y  -  d)^7^d  +  a2(y  -  d)^7Z(y  -  d)  - 

We  have  repeatedly  used  the  decorrelating  property  of  d.  Since  y/\  +  x  <  1  +  1/2  1,  the  above 
quantity  lies  in  the  interval  [0  ,  (y  -  d)^72(y  —  d)y/dj^{i)/2  a-],  hence  divided  by  a  goes  to  0 
when  a  I  0.  Thus  (d,  (dfc(2))~^d)  is  a  regular  pair  which  satisfies  point  a)  of  the  theorem. 

Hence  it  follows  from  the  theorem  that  the  penalty  function  y^TSv/V” v^TSv  heis  a  saddle  point, 

i.e  : 


sup 


inf 

y€i 

»ifc(0=i 


y^TZv 

7^ 


which  establishes  existence  of  v*  and  hence 


inf 

yet 

»*(«)=! 


sup 


y/y’^'Rv  ' 


VkA'^*) 


max^  {0,  inf 
^  yet 


y^'R.v  , 
sup  ->  -r  } 

vet  y/y^TZv 


max^  {0,  inf  \/y^TCy} 
yet  * 
yt(»)=i 

inf  |15(t,y)||2 
yt(*)=i 


(4.48) 


(4.49) 

(4.50) 

(4.51) 

(4.52) 


where  the  second  equality  is  obtained  in  (4.42),  the  third  line  follows  since  TZ  is  nonnegative  definite 
and  the  la^t  equality  was  obtained  in  (4.28). 

We  have  proved  that  there  is  a  linear  detector  which  achieves  the  near- far  resistance  of  optimum 
multiuser  detection. 

o 


The  reason  why  the  near-far  optimum  linear  receiver  achieves  the  same  near-far  resistance  as 
the  optimum  receiver  can  be  understood  as  follows.  Let  fl  be  the  set  of  multiuser  signals  modulated 
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by  all  possible  amplitudes,  i.e.  Jl  =  {5(t,y),y  €  L}  and  let  S  denote  the  subset  of  fi  such  that  the 
amplitude  of  the  symbol  of  the  user  is  fixed  to  1,  i.e.  5  =  {S(t,y),y  G  L,yk(i)  =  1}  (note 
that  5  is  a  convex  set,  and  because  of  the  LIA  it  does  not  include  the  origin).  Since  the  penalty 
function  in  (4.39)  is  invariant  to  scaling  of  v  and  the  operator  72  is  positive  definite,  (4.39)  can  be 
rewritten  as 


=  max'*  2 


0,  sup 

v€£ 

|(S(«.v)||=l  »»(<)=! 


inf  <  5(t,y),5(t,v)  > 

y€ 


=  max^  < 


0,  sup  inf  <  y,v  > 
ven  ySS 


(4.53) 


(4.54) 


Therefore  the  user  decorrelating  detector  corresponds  to  the  unit-norm  multiuser  waveform 
whose  minimum  inner  product  with  the  elements  of  S  is  highest.  But  since  S  is  a  convex  set, 
that  signal  is  a  scaled  version  of  the  closest  vector  in  5  to  the  origin  (Figure  17),  and  its  near-far 
resistance  (c.f.  (4.51))  is  the  norm  squared  of  that  vector.  But,  as  (4.28)  indicates,  the  square  of 
the  distance  from  S  to  the  origin  is  precisely  the  near-far  resistance  of  the  optimum  detector. 


Equation  (4.28)  leads  to  a  nice  intuitive  interpretation  of  near-far  resistance.  Rewrite  this 
equation,  using  the  definition  of  S{t, .),  as 


WJ  - 


inf 


II  Skit  -  iT  -Tk)  +  ^  yjil)  s,it  -IT-  r,)  ||2  . 


(4.55) 


Letting  {yjil)}  vary  over  the  admissible  set,  the  second  term  above  generates  all  points  of  a  linear 
subspace  which  includes  the  origin,  therefore  the  infimum  in  (3.26)  is  the  distance  of  Sf-it  —  iT  —  Tf.) 
to  this  space,  i.e. 


T!i^i  =  d?  i  5jk(t  -iT-  Tfc)  ,  span  {  5j(t  -IT-  rj),(j,/)  ji  (fc,i)  }  )  ,  (4.56) 


where  dia,b)  denotes  the  Euclidean  distance  between  the  £2  elements  a  and  b.  In  the  synchronous 
case,  because  the  time-support  is  disjoint,  the  infimum  in  (3.26)  is  achieved  when  yjil)  =  0,  /  ^  t, 
and  (3.27)  reduces  to 

TJk  =  d^  (5jt(t)  ,  span  {  Sj(t),  j  Ar  }  )  ,  (4.57) 

i.e.,  the  user  near-far  resistance  in  a  synchronous  channel  is  the  square  of  the  innovation  of  the 
user  signal  with  respect  to  the  space  spanned  by  the  signals  of  the  interfering  users.  Viewing  the 
asynchronous  problem  in  terms  of  the  equivalent  synchronous  system  with  N  *  K  users  and  period 
NT,  the  near-far  resistance  of  asynchronous  communication  allows  for  the  same  interpretation. 
Note,  however,  that  the  shifted  versions  s^it  —  IT  —  Tk),i  ^  I  of  the  k*^  user  signal  affect  the 
near-far  resistance  of  the  i^^  symbol  of  User  k. 

The  following  section  characterizes  a  linear  detector  that  achieves  the  optimum  near-far  resis¬ 
tance  anticipated  by  Proposition  4.1. 


I 
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4.2  The  decorrelating  detector 


4.2.1  The  finite  sequence  length  case 

Definition:  A  decorrelating  detector  d*^’‘  for  the  i^^  bit  of  the  user  is  a  linear  detector  for  which 

(4  58) 

or  equivalently,  from  (4.21),  <  5(t,d*'’‘),  S(t,x)  >  =  all  x  in  I,  (cf.  (4.41)). 

Existence:  By  the  LIA,  statement  (4.59)  below  holds  for  all  k,i.  Hence  the  following  equivalences 


show  the  existence  of  the  decorrelating  detectors  for  each  bit  of  each  user. 

V  X  G  i  with  ijt(i)  ^  0  :  lj5(t,x)(|  ^  0  (4.59) 

<=>•  V  X  G  1/  with  Xjt(0  ^  0  •  x^Tvx  ^  0  (4.60) 

<=>  ^  X  £  L  with  xjt(t)  ^  0  s.t.  Tlx  =  0  (4-61) 

-4=>  the  (A:,  t)*^  column^^^  of  Tv  is  linearly  independent  of  the  others  (4.62) 

<=>  3  d  s.t.  T^d  =  u*’*  (4.63) 

Properties: 


i)  The  decorrelating  detector  for  each  bit  of  each  user  is  invariant  with  respect  to  received  energies 
and  does  not  require  knowledge  thereof. 

Proof:  Since  the  elements  of  the  matrix  TZ  are  normalized  crosscorrelation  coefficients,  the 
defining  equation  (4.58)  is  energy  independent. 

ii)  The  decorrelating  detector  eliminates  the  multiuser  interference  present  in  the  respective  matched 
filter  output.  (Hence  its  name). 

Proof:  From  (4.20)  the  decision  made  on  the  bit  of  the  fc**  user  at  the  output  of  the 
decorrelating  filter  d  is, 

bf.{i)  =  sgn  ( d^TJWb  +  d^n ) 

=  sgn  (  yjwkii)  6jt(0  +  d^n).  (4.64) 

We  refer  to  the  row  (or  column)  of  a  matrix  of  the  dimension  of  Tv  when  we  want  to 

name  the  k^^  row  (or  column)  within  the  block  in  vertical  (horizontal)  direction.  This  notation 
was  adopted  since  72  is  block-Toeplitz. 
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Interestingly,  this  natural  strategy,  though  not  necessarily  optimal  for  specific  user-energies,  is 
optimed  with  respeci  to  the  worst  possible  distribution  of  energies.  The  sgn  decision  in  (4.64) 
is  based  on  the  assumption  that  the  respective  user  is  known  to  be  active. 

iii)  The  Jt^^-user  bit-error- rate  of  the  decorrelating  detector  is  independent  of  the  energies  of  the 
interfering  users  ^  k,i  =  -M, 

Proof:  It  follows  from  (4.64)  that  the  decision  statistic  that  is  compared  to  a  zero  threshold  is 
independent  of  the  energies  of  the  interfering  users. 


iv)  The  efficiency  of  the  decorrelating  detector  is  independent  of  the  energies  and  is  given  by 


4,i  =  max2  ^  0 


.  1  <  5(f,Wb),5(^d)  >  1 

’  ll^(<-d)||  J 


1  \/wfc(j)  bk{i) 


=  max"  <  0,  min  , — — 

-  ^ 

"  dkii)  ’ 


(4.65) 

(4.66) 

(4.67) 


which  by  i)  is  energy-independent. 


v)  The  decorrelating  detector  achieves  the  highest  near-far  resistance  of  any  linear  detector.  In 
addition,  it  achieves  the  near-far  resistance  of  optimum  multiuser  detection. 

Proof:  The  proof  of  Proposition  4.1  is  constructive,  hence  the  first  part  of  v)  was  obtained  as  a 
byproduct  during  the  proof.  Here  is  a  shorter  proof,  using  the  following  fact:  Any  single  (i.e., 
energy-independent)  linear  strategy  which  is  not  decorrelating  has  a  near-far  resistance  of  zero. 
This  is  shown  as  follows:  The  near-far  resistance  of  an  energy-independent  linear  filter  is  (cf. 


(4.39)): 


_  yPjZy 


(4.68) 


Unless  7Jv  =  u*'’*  (note  invariance  of  tj  to  scaling  of  v)  the  value  of  the  tn/-term  is  — oo. 
Hence  any  linear  filter  which  is  not  decorrelating  has  a  near-far  resistance  I?  =  0.  This  fact 
together  with  the  nonzero  asymptotic  efficiency  (4.67)  of  the  decorrelating  detector  establish 
optimality  of  the  decorrelating  detector  within  the  class  of  energy-independent  linear  filters. 
Therefore  the  second  part  of  v)  results  from  Proposition  4.1. 

Note  that  since  the  asymptotic  efficiency  of  the  decorrelating  Hpt^rtnr  is  independent  of  energies 
(Property  iv)  it  equals  the  near-far  resistance.  This  gives  us  an  explicit  solution  for  the  Hilbert 


100 


space  optimization  problem  we  obtained  for  the  near-far  resistance  of  optimal  multi-user  detection 
in  (4.28),  namely 


1 

4(0 


(4.69) 


and  outlines  an  alternative  proof  for  Proposition  4.1:  one  could  have  explicitly  solved  the  optimiza¬ 
tion  problem  (4.28)  by  proceeding  as  in  (4.43  ff),  postulated  the  decorrelating  detector  by  reasoning 
as  in  Fact  under  v),  and  shown  that  the  asymptotic  efficiency  of  the  decorrelating  detector  and  the 
near-far  resistance  of  optimal  multi-user  detection  are  equal  (see  [Lup  89a]).  However,  the  game 
theoretic  proof  provides  more  insight  into  the  nature  of  the  solution. 


Property  iii)  is  of  special  importance.  By  this  property  the  decorrelating  detector  does  not 
become  multiple-access  limited,  no  matter  how  strong  the  multi  pie- access  interference  is.  Also  the 
decorrelating  detector  demodulates  the  data  perfectly  in  the  absence  of  noise,  as  can  be  seen  from 
(4.64). 


Characterization 


We  would  now  like  to  find  an  explicit  expression  for  the  decorrelating  detector  which  we  have 
up  to  now  defined  implicitly.  It  follows  immediately  from  (4.58)  and  the  uniqueness  of  the  inverse 
of  an  invertible  matrix  that  the  decorrelating  detector  for  the  bit  of  User  k  is  the  {k,  i)*^  row  of 
the  inverse  of  TZ. 

From  the  above  and  (4.67)  the  asymptotic  efficiency  of  the  decorrelating  detector  for  the  t** 
bit  of  User  k  is  given  by  the  (fc,i)*^  diagonal  element  of  the  inverse  of  TZ: 


1 


TZ 


(4.70) 


For  the  vsJues  of  N  encountered  in  practical  applications,  inverting  a  NK  *  NK  matrix  is  not 
possible.  This  issue  is  addressed  in  Section  4.2.2,  where  we  represent  the  decorrelating  detector 
as  a  A'-input  A'-output  time- varying  linear  filter,  and  then  show  that  in  the  limit  as  N  tends  to 
infinity  the  filter  becomes  time- in  variant. 


4.2.2  The  limiting  case  N  oo 


Proposition  4.2  :  As  the  length  of  the  transmitted  sequence  increases  {N  — ♦  oo)  the  decorrelating 
detector  approaches  the  /v -input  A'-output  linear  time-invariant  filter  with  transfer  function 

G(2)  =  [R^(l)z  +  R(0)  .  (4.71) 

0 

Proof :  From  (4.14)  and  (4.13)  the  matched  filter  outputs  for  I  =  {— A/,  ...,M}  are 

y(0  =  R^(1)W(/  4-  1)  b(/  -I-  1)  4-  R(0)W(/)  b(/)  4-  R(1)W(/  -  1)  b(/  -1)  +  n(/)  ,  (4.72) 

where  b(-A/  —  1)  =  b(A/  4-  1)  =  0.  Taking  2-transforms  and  letting  N  go  to  infinity  we  have; 

Y{z)  =  S{z)  [WB]iz)  +  N{z)  ,  (4.73) 

where  [lV5](r)  is  the  z-transform  of  the  sequence  wb  =  {[\/u'i(')^i(0'  •••»  (•)])> 

matrix  8(2)  is 

S(2)  =  R^(1)2  +  R(0)  4-  R(l)i"^  ,  (4.74) 

and  y(2),  B{z)  and  N{z)  are,  respectively,  the  vector-valued  z-transforms  of  the  matched  filter 
output  sequence,  the  transmitted  sequence,  and  the  noise  sequence  at  the  output  of  the  matched 
filters.  S(z)  can  be  interpreted  as  the  equivalent  transfer  function  of  the  multiuser  communication 
system  between  transmitter  and  decision  algorithm,  as  illustrated  in  Figure  18. 


{n  (')) 


Fig.  18.  Equivalent  communication  system. 
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In  this  setting  the  optimal  receiver  problem  is  to  find  the  transfer  function  matrix  G(z)  of  a  K- 
input  /iT-output  linear  time-invariant  filter,  at  the  output  of  which  a  sign-decision  yields  estimates  of 
the  transmitted  sequence  which  are  optimal  in  a  certain  sense.  In  our  case  the  optimality  criterion 
is  the  near-far  resistance,  and  we  have  demonstrated  that  the  optimal  filter  is  the  decorrelating 
filter,  which  is  the  filter  which  eliminates  the  multiuser  interference,  i.e.  is  the  /v'-input  A" -output 
time  invariant  linear  filter  which  recovers  the  transmitted  data  in  the  absence  of  noise.  Its  transfer 
function  is  therefore  the  inverse  of  the  equivalent  transfer  function  8(2)  : 

G(2)  =  (S(2)]-l.  (4.75) 

o 


{n(i)) 


Fig.  19.  Interpretation  of  the  decorrelating  detector. 


The  effect  of  the  inverse  filter  [  S(r)  can  be  interpreted  as  illustrated  in  Figure  19.  The 
decorrelating  filter  can  be  viewed  as  the  cascade  of  a  finite  impulse  response  filter  with  transfer 
function  adjoint  S(z),  which  decorrelates  the  users,  but  introduces  intersymbol  interference  among 
the  previously  noninterfering  symbols  of  the  same  user,  and  of  a  second  filter,  consisting  of  a  bank  of 
A'  identical  filters  with  transfer  function  [det  8(2)]"^,  which  removes  this  intersymbol  interference. 
Whereas  the  region  of  convergence  of  the  z-transform  can  always  be  chosen  so  as  to  make  8(2) 
invertible,  attention  has  to  be  paid  to  the  issue  of  stability. 

Proposition  4.3  :  There  is  a  stable,  noncausai  realization  of  the  decorrelating  detector,  if  and 
only  if  the  signal  cross-correlations  are  such  that 

det8(eJ‘^)  =  det  (  R^(l)e^‘^  -h  R(0)  -t-  R(l)e--'‘‘’ ]  #0,  V  u;  G  [0,2;r]  .  (4.76) 
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0 


Proof  :  As  long  as  det  S{z)  has  no  zeroes  on  the  unit  circle,  a  nonempty  convergence  region  of 
S“^(z)  can  be  chosen  which  includes  the  unit  circle.  Thus  stability  can  be  achieved.  But,  since 
R{0)  is  symmetric, 

det  S(z)  =  det  S^(z)  =  detS(^~^). 

Hence  the  stable  version  of  the  decorrelating  detector  will  be  noncausal.  ■ 

In  the  two-user  case  condition  (4.76)  is  easily  shown  to  be 

\p\2\  +  \p2l\  <  1  •  (4-77) 

Since  lpi2|  +  |P2ll  <  1  is  always  satisfied,  condition  (4.77)  is  violated  only  if  the  normalized 
waveforms  coincide  modulo  circular  shifts  and  sign  changes. 

Condition  (4.76)  is  equivalent  to  the  limit  of  the  LI.\  as  N  00.  Both  are  necessary  and 
sufficient  conditions  for  system  invertibility.  The  LIA  requires  that  the  output  of  a  system  (the 
system  between  the  user  bit-streams  and  the  matched  filter  outputs)  be  not  identically  zero  if  the 
input  is  nonzero.  Hence  different  inputs  generate  different  outputs,  i.e.  the  system  is  invertible. 
For  a  linear  system  the  requirement  that  nonzero  input  produce  nonzero  output  is  equivalent  to 
requiring  that  the  transfer  matrix  be  nonsingular  on  the  unit  circle.  Assume  the  transfer  matrix  is 
singular  at  the  angular  frequency  wq.  Necessity  follows  since  otherwise  the  input  sequence  consisting 
of  a  complex  e.xponential  at  u.'o  times  a  vector  in  the  nullspace  of  the  transfer  matrix  evaluated  at 
u.’o  yields  zero  output,  since  the  transfer  function  on  the  unit  circle  gives  the  magnitude  and  phase 
of  the  system  response  to  complex  exponentials.  On  the  other  hand  sufficiency  can  be  established 
by  using  Parseval’s  relation  extended  to  multivariable  systems: 

i;  llynf  =  ^  /'"||Y(e^-)||2du;  =  ^  /''||H(e^-)X(e^-)||2d^-.  (4.78) 

^  2ir  Jo  lir  Jo 

Hence  for  a  zero  output  sequence  yn  the  vector  H(e^‘^)X(e-^‘^)  ha^  to  vanish  for  all  u;,  which  implies 
that  H(e-^‘^)  is  singular  whenever  X(e'^^)  is  nonzero.  This  establishes  the  claimed  equivalence. 

The  following  results  quantify  the  asymptotic  efficiency  achieved  by  the  limiting  decorrelating 
detector. 
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Proposition  4.4  :  Let 


(4.79) 


[S  {z)]-^  =  f;  D(m) 

m=— oo 

Then  the  asymptotic  efficiency  of  the  limiting  decorrelating  detector  for  the  user  is  given  by 


'Ik 


1 


+  R(0)  +  R(l)e-^-];J 


(4.80) 

(4.81) 


Proof  :  With  Proposition  4.2  the  decision  statistic  at  the  output  of  the  limiting  decorrelating 
detector  has  a  z-transform  given  by 

G(2)y(z)  =  [WB]{z)  +  [S{z)]-^Niz)  =  [WB]{z)  +  N  (z) 

where  N  (i’)  is  the  z-transform  of  the  (stationary)  filtered  Gaussian  background  noise  vector 
sequence.  Its  covariance  matrix  sequence  E  [n(.)n^(.  +  i)]  has  a  z-transform  of  (T“[S(z)]“^ 
((7-S“^(2)S(2)S“^  (2"^)),  hence  with  (4.79)  is  a  zero-mean  Gaussian  random  variable  with 
variance  Therefore  the  probability  of  error  for  the  user  equals 

n  =  P,n;>V^)  =  «(^-^).  (..S2) 

From  here,  using  the  definition  of  asymptotic  efficiency,  the  first  equality  follows.  For  the  second, 
applying  the  inverse  z-transform  and  (4.79), 

^U(O)  = 

and  the  result  follows  by  inserting  (4.74)  into  the  above. 


o 


Proposition  4.5  :  The  asymptotic  efficiency  of  the  limiting  decorrelating  detector  for  the 
user  is  strictly  positive,  and  lower  bounded  by 


'Ik  ^ 


1  -1 


max 

w€[0,2)r] 


|[R^ 


(l)e-'‘^-^R(0)  +  R(l)e-^‘" 


1-3 


>  0, 


Proof  :  From  (4.81 ) 

DkkiO)  <  max  |  [  R^(l)e^“' 4- R(0)  +  R(  1  lit  | . 

w6[0,2irj 
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(4.83) 


Hence 


4 


1 

Dkki^) 


> 


max  I  [  R^(l)e^‘*'  +  R(0)  +  R(l)e->-  Ul  | 

we[o,2i] 


^  min^  I  det  [  R^(l)e>^  +  R(0)  +  R(l)e--'^  ]  | 

~  maXo;  1  adjjt  [  R^(l)eJ^  +  R(0)  +  R(  l)e~J‘^  ]  j  ’ 


(4.84) 


which  is  positive  by  Proposition  4,3. 

o 

Next  we  summarize  some  properties  of  the  matrix  encountered  in  Propositions  4.3,  4.4  and  4.5. 

Proposition  4.6  :  Let  M((,5)  =  R^(l)  e-^'®  +  R(0)  +  R(l)e~J''®.  Then 
i)  is  real. 

")  ^^kki^'^  - ‘f)  =  ^kk(‘^^ 

iii)  M((p)  is  nonnegative  definite  for  all  (p.  0 


Corollary  : 

i)  D*^’(0)  is  real. 

ii)  DkkiO)  =  i  /o'[  R^(l)e>'^  +  R(0)  +  R(l)e--'>  ]Xj  .  (4.85) 

iii)  If  one  user  is  added  to  the  system,  the  asymptotic  efficiency  of  the  other  users  is  nonin¬ 
creasing,  and  changes  according  to 

1  =  -i-  +  -  r  M-^(y)  ukW^  ^ 

where  [1,  m^(¥j),  m(<,5),  M(<,5)]  are  the  elements  of  the  matrix  M(<,5)  after  the  additional  user  has 
been  added  to  the  system.  0 

The  proofs  are  given  in  Appendix  4.3. 

Proposition  4.7:  Condition  (4.76)  of  Proposition  4.3  is  equivalent  to 


min  (^x*  R(0)  X  -  ^J{x*  R+  x)2  +  (x*  R_  x)2  j  >  0,  (4.87) 

xeff 

where  R+  =  R^(l)  +  R(l)  and  R_  =  -  R(l)).  The  *  denotes  the  comple.x  conjugate. 

0 
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Note  that  both  R+  and  R-  are  Hermitian. 


Proof;  Since  from  Proposition  4.6  M(v5)  >  0,  condition  (4.76)  is  equivalently  expressed  as 

inf  '^min  (M(v3))  >  0  .  (4.88) 

Since  M((y3)  is  Hermitian,  its  smallest  eigenvalue  is  [Horn,  Thm.4.2.2] 

^^min  (M((^))  =  min  x*  M(v5)  x  .  (4.89) 

x*x=l 

xer 

Therefore  (4.88)  becomes 

inf  min  x*R(0)x  +  x*[R^(l)  +  R(l)]x  cos  <<?  +  j  x*[R^(l)  -  R(l)]x  sin  y: 
v  x’x=l 

=  min  X*  R(0)  x  -  J[x*  (R^(l)  +  R(l))  x]2  +  [j  x*  -  R(l))  x]2  (4.90) 

x*x=l  * 


where  we  have  exchanged  the  in f  and  min  operations  and  used  the  fact  that 

inf  (a  cos  <,?  +  6  sin  9)  =  -Va^  +  b-  . 


(4.91) 

0 


Proposition  4.8  :  A  necessary  condition  for  Proposition  4.3  is  that  the  matrices  R(0)  +  R(1  + 
R^(l)  and  R(0)  -  R(l)  -  R^(l)  be  nonsingular.  <> 


Proof: 


min  X*  R(0)  x  -  \j(x*  R+  x)^  +  (x*  R_  x)^ 

x*x=l  '' 

Xfid 


min 

xTx=l 

xeR 

x^  R(0)  X  -  \/(x^  R+  x)2  +  (x^  R_  x)- 

(4.92) 

C  II 

x^  R(0)  x  -  ^/(x^  R+  x)2 

(4.93) 

a  II 

X 

x^  R(0)  X  -  l(x^  R+  x)^l 

(4.94) 

min 

x7'x=l 

min  {x^  (R(0)  +  R+)  x,  x^  (R-(O)  -  R+)  x} 

(4.95) 

min  {  Amin  (R-(O)  +  R-+)’  -^min  (R(0)  “  R-+)  )• 

(4.96) 

The  result  follows  from  Proposition  4.7,  since  from  Proposition  4.6  iii)  both  R(0)  +  R+  and 
R(0)  -  Rj.  are  nonnegative  definite  {4>  =  0,  respectively  (i>  =  -k).  ■ 


Proposition  4.9:  A  sufficient  condition  for  Proposition  4.3  is  that 


^min(R(0))  >  max  {ALx(R+)  ,  AL„(R+)}  +  A^,,(R_)  ,  (4.97) 

or  equivalently 

■^min  (R2(0))  > 

■^max  (Ri)  +  Amax  (Ri)  .  (4.98) 

<> 


Proof: 

min  X*  R(0)  x  -  \/(x*  R+  x)^  +  (x*  R_  x)2 

x*x=l 

x&Z 

>  min  X*  R(0)  x  —  ,/  max  [x*  R+  x]^  +  max  [x*  R_  x]2  (4.99) 

X*X=1  Y  x'x=l  x*x=l 

=  A^i„(R(0))  -  ^max  {A^^(R+)  ,  A^j„(R+)}  +  max  {A2^,,(R_)  ,  A2^j„(R_)} 

=  A„,i„(R(0))  -  y/max  {A^,^(R+)  ,  A^j„(R+)}  +  AL^(R_).  (4.101) 

Equation  (4.101)  follows  after  noticing  that  if  A  is  an  eigenvalue  of  R_,  -A  is  is  an  eigenvalue  of 
RI,  hence  of  R_,  which  allows  us  to  collapse  the  second  set.  Condition  (4.98),  which  requires 
more  computational  effort  to  verify  than  (4.97),  but  is  of  simpler  structure,  follows  from  the  fact 
that  R(0)  is  nonnegative  definite  (it  can  be  easily  reasoned)  and  both  R+  and  R_  are  Hermitian, 
hence  diagonalizable.  ■ 

We  now  turn  our  attention  to  the  two-user  case,  in  which  the  aisymptotic  efficiency  has  a  closed 
form  expression. 

Proposition  4.10  :  In  the  two-user  case  let  /Zi2(0)  =  Pi2  i?i2(l)  =  P2l-  Then  the  asymptotic 
efficiency  of  the  decorrelating  detector  for  infinite  sequence  length  is  given  by: 

nf  =  V2  =  \/(l-  Pi2  -"^PnPll 

=  \/[l  -  (pu  +/02l)^](l  -  iPl2  -  P2l)~]  ■  (4.102) 

0 

Proof  :  This  formula  can  be  obtained  by  particularizing  Proposition  4.4  or  by  minimizing  the 
asymptotic  efficiency  of  optimal  multiuser  detection  in  the  two-user  case  with  respect  to  energies. 
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Alternatively,  (4.102)  can  be  proved  by  taking  the  limit  as  TV  — <•  oo  of  the  asymptotic  efficiency 
of  the  decorrelating  filter  for  the  central  bits  in  a  length  N  sequence,  which  is  done  in  the  sequel. 
(The  reason  for  considering  bits  near  the  center  of  the  transmitted  sequence  is  that  the  demod¬ 
ulation  process  in  this  region  is  least  affected  by  the  marginal  effects  due  to  the  finiteness  of  the 
sequence.)  Thereby  it  is  proved  that  in  the  two-user  case  the  limit  of  the  asymptotic  efficiency 
of  the  finite-length  decorrelating  detector  as  TV  — ♦  c»  is  indeed  the  asymptotic  efficiency  of  the 
limiting  decorrelating  detector. 

Recall  that  the  asymptotic  efficiency  of  the  decorrelating  detector  is  given  by  the  reciprocal  of 
the  corresponding  diagonal  element  of  We  need  to  find  explicit  expressions  for  the  central 

diagonal  elements  of  the  inverse  of  the  matrix  72  a£  a  function  of  N.  We  have 


( ‘ 

Pn 


n  = 


0 

0 


P\2  0  0  ^ 

1  P2\ 

P2\  1  Pn  '■ 

0  pi2  1 


(4.103) 


Denote  by  An  the  determinant  of  the  above  n  ♦  n  matrix.  It  is  easy  to  see  from  the  structure  of  72 
that  An  satisfies  the  recursion: 


f  pL  An-2  .  n  even 
\  p\^  An-2  .  n  odd  . 


(4.104) 


Hence  we  can  write 


^2n 

1  -  P12  ~P2l 

^2n-2 

^2n-l . 

^  ~^21  . 

.^2n-3  , 

(4.105) 


If  we  consider  the  sequence  of  4n  ♦  4n  matrices  for  simplicity,  the  central  diagonal  element  of  the 
inverse  of  72  is  A4„/(A2n-i  A^n)-  Hence  after  introducing  the  state  vector 


Xn  = 


^2n 
^2n-lJ  ’ 


(4.106) 


we  see  that  finding  ^2ni  ^2n-i  requires  finding  the  trajectory  of  the  unforced  linear  dynamic 
system 


x„  = 


i.e., 


1  ~  Pi2  “^21 
1  -P21 J 


x„  = 


Xn-l  ,  Xi  = 


1-^12 

1 


1  2  2  ' 
1  ~  “PO] 

n 

.  ,1  "  -Ph. 

0 

(4.107) 
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The  eigenvalues  of  this  system  are  found  to  be 


-^1,2  = 


1  ~  ^>12  ~  P\\  i  ~  P\'l  ~  P2\)^  ~  '^^12^21 
2 


We  see  0  <  Aj  <  At  <  1.  After  finding  the  corresponding  eigenvectors  it  follows  that: 


x„  = 


Al  +  Pi2  ^2  +  P2\ 
1  1 

Al  +  Pj2  “^2  +  P2I 
1  1 


* 

0  ■ 

1 

■ 

0 

A?J 

-1 

1  f 

1 

1 

’l' 

0 

[OJ  Al —  A2 


Al  -  A2 

Hence  the  central  diagonal  element  of  the  inverse  of  TZ  is 

A4n  ^  [1  0]  X2n 

A2„_i  A2n  (0  1]  X„  [1  0]  X„ 

(Ai/A2)^"(Ai+4)  -  (Xo  +  Ph) 


(4.108) 


[(A1/A2)”  -  1]  [(A1/A2)’*  (Al  +  P21)  ~  (-^2+^21)] 


(A1-A2).  (4.109) 


So  finally 


^4n 


A  A 

n— 00  A2n-1  A2n 


A2  —  Al 


~  P\2  ~  P2\)~  ~  “^^12^21  • 


o 


Figure  20  shows  the  asymptotic  efficiency  of  the  decorrelating  detector  for  infinite  transmitted 
sequence  length  in  the  two-user  case.  Note  its  invariance  with  respect  to  energies.  The  discrepancy 
between  and  ijmini  defined  in  (4.25),  is  due  to  the  fact  that  T]jnin  is  higher  than  the  near-far 
resistance  of  optimum  multiuser  detection,  since  for  ih®  energies  are  constrained  to  be  constant 
over  time. 


The  fact  that  the  stable  version  of  the  decorrelating  filter  turns  out  to  be  noncausal  is  not 
surprising.  Due  to  the  lack  of  synchronism  among  the  users  any  decision  based  on  less  than  the 
entire  received  waveform  is  suboptimal.  In  practice,  since  the  filter  is  stable,  the  more  remote 
symbols  will  count  less  heavily,  and  truncation  of  the  noncauscil  part  will  be  performed  after  a 
suitable  delay  without  affecting  performance  appreciably.  For  illustration  consider  the  two-user 
case.  There  from  (4.74) 


S(r)  = 


1 


^12  + 


.-1 


,  Pl2  +  P21-‘  I 

and  the  transfer  function  of  the  decorrelating  detector  as  given  by  (4.71)  is: 


no 


Fig.  20.  Asymptotic  efficiencies  in  the  2-user  case  for  infinite 
transmitted  sequence  length,  when  the  user  energies  are 
constant  over  time  (here  we  chose  IP12MP21I  =  0.3, 0.5 
which  yields  T)^i„  ~  0.68,  rf  =  0.59). 


Fig.  21.  Limiting  decorrelating  detector  in  the  2-user  case. 


_ I _  (  1  -(^12  +  ^21^  .  (4.110) 

^  -  Pj2  -  P21- P12P212  -  Pl2P2lZ~^  \-iPn+  P2\^)  1  / 

The  resulting  detector  is  shown  in  Figure  21.  We  are  interested  in  the  impulse  response  /(n)  of 
the  HR  part  of  the  above  filter.  Taking  the  inverse  z-transform  it  is  found  to  be 

1  1 

fin)  =  z-^  - ^ - 5 - - - rr  =  —  ’  (4-111) 

[  1  -  PJ2  -  />21  ~  PI2P2I P\2P2\^  ^ 
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where  ^  =  (1  —  p\2  —  p\i  —  »7)/(2pi2P2l)  sii'd  »?  is  the  asymptotic  efficiency  which  is  given  in 
Proposition  4.10.  It  can  be  checked  that  1^|  <  1,  with  equality  if  |pi2l  +  |P2ll  =  1>  which  can 
be  shown  to  coincide  with  the  condition  imposed  by  Proposition  4.3  for  the  two-user  case.  In 
the  latter  case  the  asymptotic  efficiency  is  zero,  which  follows  from  Proposition  4.10.  Otherwise 
since  |^|  <  1  the  limiting  filter  is  stable,  with  symmetric  coefficients  which  decay  with  rate  In 
practical  applications  the  filter  will  be  approximated  up  to  any  desired  precision  by  truncation  of 
the  noncausal  part  to  a  finite  number  of  filter  coefficients.  For  illustration  the  decay  rate  ^  of  the 
filter  coefficients  and  the  achievable  asymptotic  efficiency  q  are  plotted  in  Figure  22  as  functions  of 
Pl2  P21- 

Poor  cross- correlation  properties  among  the  signature  waveforms  could  imply  that  the  limiting 
filter  G(r)  does  not  exist,  although  the  decorrelating  detector  exists  for  finite-length  transmitted 
sequences.  VVe  give  an  example  to  illustrate  this  fact.  As  mentioned  earlier,  for  K  =  2  it  is 
straightforward  to  show  that  the  condition  of  Proposition  4.3  is  satisfied  for  all  signal  constellations 
for  which  [pjol  +  |p2i|  1,  which  is  the  case  unless  the  normalized  waveforms  coincide  modulo 

circular  shifts  and  sign  changes. 

Consider  the  trivial  signal  case,  where  both  users  are  assigned  the  same  rectangular  waveform, 
as  shown  in  Figure  23.  In  this  case  pi2,  which  is  the  crosscorrelation  between  bits  in  the  same 
signaling  interval,  is  r  =  (T  -  r)/r  €  [0,1),  where  r  6  [0,7’)  is  the  delay  between  the  two  users. 
Then  P2i,  which  is  the  crosscorrelation  between  bits  in  adjacent  intervals,  is  1  —  r.  Then 

sw  =  ^  + a 

becomes  singular  for  ?  =  1,  hence  there  is  no  stable  limiting  inverse  filter.  And  if  it  existed  its 
asymptotic  efficiency,  as  given  by  (4.102),  would  be  zero.  For  an  infinite  sequence  of  transmitted 
bits  where  both  users  use  the  same  waveform,  this  is  not  surprising.  However  for  finite  length 
sequences  advantage  can  be  taken  of  the  marginal  effects  of  having  bits  which  axe  not  affected  by 
either  past  or  future  bits.  For  finite  N  the  decorrelating  detector  exists  unless  r  =  0,  i.e.,  when 
the  transmissions  are  not  synchronous.  This  is  in  accord  with  the  multiarrival  condition  given  in 
Appendix  4.1,  and  with  the  results  obtained  in  the  synchronous  case. 
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Fig.  22a.  Asymptote  ofricisney  el  tho  Oocorrotsting  Ootoctor  lor  two  usort 

as  a  lunctiert  of  the  partial  croaseorralatiorts  of  thair  aignaturo  wavaformt 
(raeali  |rho12|  4  |rho2l|  <■  1.  artd  symmetry  m  rhol2.  rtto2l) 


1.0  . . 

IP12I 


22b.  Decay  rates  of  the  eooHiciems  el  ate  HR  pan  el  the  decorrelating 

dotocior  lor  two  users  ,  symmetric  in  rtiel2  and  r^e21. 


T  t 


Fig.  23.  Signals  and  crosscorrelations  of  example  (4.112). 
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Appendix  4-i'  Sufficient  conditions  for  linear  independence 


Suppose  that,  for  a  ibced  signal  set, 

i)  {ti,  axe  continuous  random  variables, 

ii)  {tj,  are  independent  random  variables, 

iii)  #  0. 

Then  almost  surely  there  is  no  v  G  £ ,  ^  0  such  that  S(t,  v)  =  0. 

Proof :  Define  the  times  of  effective  arrival  and  departure  of  the  signal  of  the  user,  [l],  as 

-'“jt  =  +  iT  +  sup  |r  €  =  o}  (4.113) 

and 

=  o|,  (4.114) 

respectively. 

Since  ujt(i)  ^  0  there  is  a  first  and  a  last  symbol  that  differs  from  zero.  It  is  readily  apparent 
that  in  order  to  have  5(t,v)  =  0,  the  effective  arrival  of  the  first  (and  the  effective  departure 
of  the  last)  symbol  that  differs  from  zero  must  be  a  point  of  effective  multiarrival  (respectively 
multideparture).  Note  that  this  property  does  not  depend  on  the  particular  v  chosen,  but  only  on 
the  set  of  delays.  From  (4.113),(4.114),  the  effective  times  of  arrival  and  departure  inherit  from  the 
delays  the  properties  of  being  continuously  valued  and  mutually  independent.  Therefore,  the  result 
follows,  since  the  set  of  delays  for  which  multiarrival  points  result  has  measure  zero. 


4 1;  —  x’jt  +  iT  +  inf  |r  £  (0,r],  J  s].{t)dt 


o 


Appendix  4-2:  If  the  LIA  is  not  satisfied 

In  this  case  1Z  is  nonnegai  ive  rather  than  positive  definite.  We  will  concentrate  on  the  bit 
of  the  user.  Recall  the  definition  of  the  decorrelating  detector  for  the  i**  bit  of  the  k^^  user, 
given  in  (4.58). 

Proposition  4.11  :  The  i*^  bit  k^^  user  decorrelating  filter  exists  if  and  only  if 

V  X  G  £  with  0  :  7^  0  (4.115) 

0 


J 


i 

J 
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It  can  be  seen  that  this  condition  is  weaker  than  the  LI  A  of  (4.3),  which  is  necessary  and  sufficient 
for  existence  of  the  decorrelating  detector  for  each  bit  of  each  user. 

Proof  :  The  proof  is  given  by  the  equivalences  (4.59)-(4.63).  ■ 

Proposition  4.12  :  The  decorrelating  filter  for  the  bit  of  the  user  does  not  exist  if  and 
only  if  any  decision  algorithm  for  the  bit  of  the  user  has  a  near-far  resistance  of  zero.  0 

Proof  ;  Let’s  assume  that  conditions  are  such  that  the  decorrelating  filter  for  the  bit  of  the 
k*^  user  does  not  exist.  Then  by  Proposition  4.11  there  exists  an  x  with  Xit(i)  =  1  such  that 
S’(t,x)  =  0,  since  S(t,x)  is  linear  in  xjt(i).  But  then  (4.28)  implies  that  the  near-far  resistance  of 
the  optimal  multiuser  detector  is  zero.  Hence  unless  any  decision  algorithm  has  a  near-far  resistance 
of  zero,  existence  of  the  decorrelating  filter  is  ensured.  ■ 

Proposition  4.13  :  Let  the  existence  condition  (4.115)  for  a  decorrelating  filter  for  bit  t  of  User 
k  be  satisfied.  Let  Di  k  be  the  set  of  decorrelating  filters  for  the  bit  of  the  k^^  user.  Denote 
the  set  of  generalized  inverses  of  72  by  7(72).  Denote  the  set  of  (?,1')*^  rows  of  elements  in  7(72)  by 
Gii;.  Then  a  vector  v  6  7  is  a  decorrelating  detector  if  and  only  if  v  6  Gj  fc.  0 

Proof  :  In  other  words  we  need  to  show  7?,  =  G,  t.  The  equality  is  to  be  interpreted  as  an 

isomorphism  between  otherwise  identical  sets  of  row  vectors  and  of  column  vectors  (this  is  necessary 
since  generalized  inverses  do  not  have  to  be  symmetric).  We  will  use  the  defining  property  for  a 
decorrelating  detector  d  for  bit  i  of  User  A:,  namely  that  72d  =  u*’*,  and  the  equivalent  existence 
condition  for  a  decorrelating  filter  given  in  (4.62),  namely  that  the  {i,ky^  column  of  72  is  linearly 
independent  of  the  others. 

a)  Gi  k  C  Di  k  '■  Let  B  6  7(72)  and  S  =  572  -  J.  By  the  definition  of  generalized  inverse,  it  follows 
that  725  =  0,  i.e.,  every  column  of  5  is  in  the  nullspace  of  72.  But  since  the  (t,  fc)^*  column  of  72 
is  linearly  independent  of  the  other  columns  of  72,  it  is  necessary  that  the  (j,A;)*^  element  of  each 
column  of  5  be  zero,  i.e.  that  the  {i,kY^  row  of  S  be  zero.  Hence  bJ/^TZ  -  (u*’*)^  =  0,  which 
implies  that  ^  is  decorrelating. 

b)  Di  k  Q  ^i,k  '■  bet  d  e  Di  k,x  G  Gi^k-  Then,  by  the  “decorrelating”  property  of  d  and  that  of  x 
established  in  a),  72(d-x)  =  0.  Besides  implying,  by  the  same  reasoning  as  the  one  used  in  a),  that 
the  (i,k)  element  of  any  k*^  user  decorrelating  detector  is  equal,  this  equation  shows  that  x  differs 
from  d  by  an  element  in  the  nullspace  of  72.  But  it  can  be  readily  checked  that  D,  k  +.V(72)  =  7>,jf 

0 
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It  is  easiest  to  think  of  the  equivalent  synchronous  model  when  dealing  with  the  case  when 
the  LIA  does  not  hold,  and  use  the  results  obtained  in  the  synchronous  case  for  independent  and 
dependent  users. 


Appendix  4-3 


proof  of  Proposition  4-3:  i)  From  a  well-known  theorem  in  linear  algebra  the  eigenvalues  of  a 
Hermitian  matrix  are  real  (e.g.  Thm.  2.5.6.  in  [Horn]).  Hence  as  a  corollary  the  determinant  of  a 
Hermitian  matrix  is  real.  Write 


=  det  Ckk  (M(v>))  /  det  (4.116) 


where  C^k  is  the  k**  cofactor  of  a  matrix,  and  note  that  both  M((,?)  and  (hence)  Ckk  (^(sj))  are 
Hermitian. 

ii)  Making  the  real  and  imaginary  parts  explicit  we  can  write  M((,?)  =  A  4-  jB,  where  we  omit  the 
dependence  on  v?  for  notational  convenience.  Then  M~^((,?)  =  C  -I-  jD,  where  C  and  D  satisfy 


AC  -  BD  =  I  CA  -  DB  =  I 
BC  4-  AD  =  0  CB  4-  da  =  0 


(4.117) 


Hence  if  (C,D)  corresponds  to  (A,B),  then  (C, -D)  corresponds  to  (A,-B).  On  the  other 
hand  A  =  R(0)  4-  [R^(l)  4-  R(l)]  cosv?  and  B  =  [R^(l)  -  R(l)]  sin^?,  so  that  ior  ip  —*  2‘!r  —  tp  , 
(A,  B)  — ►  (A,  — B).  Hence  C,  and  therefore,  with  i),  Mjfi^{tp),  is  invariant  under  the  transformation 

p  -*  2i:  —  <p. 

iii)  Given  the  sets  of  normalized  signature  waveforms  and  delays,  define  a  new  set  of  waveforms  as 
follows: 


$  =  {  <i>i{t),  i  =  1,...A'  I  0,(0 


Define  the  complex  crosscorrelations 


f  5j(t  4- r  -  Tj)  ,  0  <  t  <  r, 

I  Silt  -  Ti)  ,  Ti<t  <  T  . 


Then 

T 

-  j  llE^i  iP  >0  ■ 
•  ]  « 


(4.118) 


(4.119) 


(4.120) 


% 

1 
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Therefore  M*  is  nonnegative  dehnite.  Next  we  show  that  =  M(v:i),  which  establishes  the 
desired  result.  First  let  k  <  j,  and  recall  that  the  users  have  been  numbered  according  to  increasing 
delays.  Then 


Mt  = 


I  hit  +  T  -  Tfc)  Sj{t  +  T-  Tj)  e  dt  +  /  ^  Sk{t  -  r^)  Sj{t  +  T  -  Tj) 

Jo  Jtjc 

+  /  hit  -  n)  hit  - 

Jtj 

fT+rt  fTj 

=  /  5it(t  -  Tjt)  3_,(<  -  Tj)  dt  +  e  /  h{t -Tk)sj{t->rT -Tj)dt 
Jrj  Jti 


e  dt 


=  RkjiO)  +  i2ty(l)  6--'^  . 


(4.121) 


Similarly,  for  k  >  j,  M^-  =  iZjtj(O)  +  jRjty(-l)  Hence 

=  R^(l)e-'^  +  R{0)  +  R(l)e--'^'  =  M((,2)  . 


Proof  of  Corollary:  The  first  two  results  are  immediate  consequences  of  the  theorem  and  of  (4.80, 
81). 

iii)  By  the  LIA  M(i^)  is  invertible,  hence,  with  point  iii)  of  the  theorem,  positive  definite.  For  a 
positive  definite  K  *  K  matrix  M  with  =  M*,  and  for  any  A'- vector  m  such  that 


m 

1 


>  0, 


(4.122) 


for  any  I  <  k  <  K,  v/e  want  to  express 

-1 

in  terms  of  MrJ  .  (4.123) 

kk 


^  M  m* 

I  1 


But,  using  formulas  for  the  inverse  of  a  pjirtitioned  matrix  and  then  for  the  inverse  of  a  small-rank 
adjustment  (e.g.  [Horn,  p.  18]), 

I  =  A/-1  -t-  =  Mpt  + 


1 


kk 


‘kk 


+  "  Tw  7  •  (4-124) 

1  -  l-rn^M~lm* 


From  here,  using  the  connection  between  and  Mf,^  of  (4.81),  equation  (4.86)  is  immediate.  To 
show  mathematically  that  the  asymptotic  efficiency  is  nonincreasing  we  show  that  m'*  M~  m  < 
1  (note  that  the  asymptotic  efficiency  of  a  (A'  -h  l)-user  problem  cannot  decrease  if  additional 
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information  is  available,  e.g.  if  the  additional  user’s  information  sequence  is  known,  which  reduces 
to  a  A'-user  problem).  For  this  note  that  (4.122)  is  equivalent  to 

x^Mx*  +  ytri^x*  +  y*x^m*  +  yy*  >  0,  ^x  e  ,y  £  C  .  (4.125) 

In  particular  also  Vy  £  IR, 

x^Mx*  +  y(m^x*+x^m*)  +  y2  >  0,  Wx£C^\y£C.  (4.126) 

The  left  hand  side  is  a  quadratic  function  in  y  which  is  strictly  positive,  therefore  its  discriminant 
is  strictly  negative,  i.e. 

{nJx*  +x^m*f  -  4x^Mx*  <  0  .  Vx  6  .  (4.127) 

Then  letting  x  =  (M“^)^m,  we  obtain 

>  (m^M-^m*)-  (4.128) 

which  implies  that 

0  <  xn^M-^m*  <  1  .  (4.129) 

Hence  the  integrand  in  (4.86)  is  nondecreasing  when  one  user  is  added  to  the  system,  which  estab¬ 
lishes  the  desired  result.  ■ 
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4.3  Numerical  examples:  Probability  of  error 


In  the  sequel  the  performances  of  the  conventional  and  of  the  decorrelating  detector  are  com¬ 
pared.  Without  loss  of  generality  attention  is  focused  on  the  error  probability  of  User  1  in  a  channel 
shared  by  several  active  users.  The  conventional  detector  decides  for  the  sign  of  the  first  component 
of  the  matched  filter  output  vector,  given  by  (4.14).  Therefore  its  average  error  probability  over 
the  bit  sequences  of  the  interfering  users  equals 

-  fjR(0)i;  6j(0)4-R(l)ij  6j(-l)]  ^ 
a 

whereas  its  worst-case  error  probability  over  the  interfering  bit  sequences  equals 


(4.131) 


(4.132) 


where  from  (4.85) 


~  =  -  r[R(l)^e^‘"  +  R(0)  +  R(l)e-^‘"]T/  du. 


(4.133) 


The  delays  and  phases  of  the  K  users  enter  the  above  formulas  implicitly  via  the  crosscorrelation 
matrices,  which  are  functions  thereof  and  of  the  chosen  signature  waveforms.  In  the  following  we 
consider  Direct-Sequence  Spread-Spectrum  (DS-SS)  signaling,  where  the  carrier  modulated  wave¬ 
form  is  given  by 

Ski*  - ‘^k)  =  y/^  Okit  -  Ti,)  cos  {u>ct  -I-  <i>k)  (4.134) 


where  at(t)  is  the  code  waveform,  zero  outside  [0,T],  with  Jq  o|(t)  =  1,  is  the  delay  of  User  k  due 
to  propagation  delay  and  lack  of  synchronism  between  the  users,  and  (f>k  is  the  phase  angle  of  the 
carrier.  In  DS-SS  the  code  waveform  a^it)  is  a  sequence  of  Nc  nonoverlapping  rectangular  pulses 
of  amplitude  ±(l/Nc)^^"  and  duration  Tc  =  T/Nc-  called  chips,  so  that  the  k*^  usrr  waveform  is 
characterized  by  a  sequence  of  Nc  bits,  called  signature  sequence,  giving  the  chip  polarities. 
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4.3.1  On  the  dependence  on  delays  and  phases 

In  order  to  compute  average  error  probabilities  for  a  specified  set  of  signature  sequences,  the 
average  of  the  error  probability  expressions  (4.130),  (4.132)  has  to  be  taJcen  with  respect  to  the  set 
of  phases  and  delays,  assumed  to  be  independent  and  uniformly  distributed.  If  UcT  >>  1,  then 
Rkj(i)  can  be  related  to  the  baseband  crosscorrelation  coefficient,  via 

oo 

Rkji^)  =  J  hit  -  Tk)  Sj{t  +  IT  -  Tj)dt 
—00 

oo 

=  ^  cos(</.j  -  (f>k)  j  Oi(t  -  Tfc)  ajit  +  IT-  Tj)dt  .  (4.135) 

— OO 

Since  the  magnitude  of  the  crosscorrelation  coefficients,  hence  of  the  multiuser  interference, 
is  maximized  if  the  cosine  term  is  unity,  in  the  literature  ([Ver  84c],  [Vax  88])  error  probability 
curves  are  given  for  the  baseband  case.  In  the  case  of  the  conventional  receiver  it  is  easy  to  see 
from  the  dependence  of  the  error  probability  on  the  crosscorrelation  coefficients  (4.130)  that  this 
corresponds  to  worst-case  conditions.  In  the  case  of  more  complicated  detectors  the  nonlinear 
dependence  of  the  error  probability  on  the  crosscorrelation  coefficients  precludes  a  proof  of  this 
fact.  Nevertheless,  intuition  tells  us  that  performance  should  become  worse  if  the  absolute  values 
of  the  crosscorrelations  between  the  users  increase.  Researchers  in  the  field  have  worked  with  this 
intuitive  assumption,  e.g.  [Ver  84c]  for  error  probability  curves  of  the  maximum  likelihood  detector 
and  [Var  88]  for  the  perfo^^mance  analysis  of  their  M-stage  iterative  multiuser  detector,  where  the 
dependence  of  the  error  probability  on  the  set  of  delays  and  phases  is  mentioned  only  for  the  first 
stage,  which  is  the  conventional  detector.  This  work  adheres  to  this  usage,  which  is  supported  by 
the  intuition  of  the  problem,  because  analytical  results  on  phase  dependence  of  the  decorrelating 
detector  performance  have  proved  intractable. 

Because  of  the  symmetry  of  the  problem  assume  that  the  user  whose  error  probability  is  of 
interest  is  User  1.  Since  only  relative  delays  matter  one  can  set  rj  =  0  and  let  rjt  G  [0,r)  denote 
the  delay  of  User  k  relative  to  User  1.  Since  the  chip  waveform  is  rectangular,  the  correlation 
coefficients  depend  linearly  on  the  distance  of  the  respective  relative  delay  between  users  k 
and  j  to  the  next  chip  boundary,  and  are  linear  combinations  of  the  crosscorrelation  values  at  the 
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adjacent  chip  boundaries.  More  precisely,  letting  be  the  value  of  R^j  when  users  axe  delayed 
hy  T^Tkj  =  |rfc-Tj|, 

RkjW  =  (1  -  ,  I  ^  Ik,  =  L^J  (4.136) 

and 

=  ^£'(1)  (1  -  •  (4.137) 

Ic  Ic 

This  property  and  the  convexity  of  the  Q-function  imply  that  the  error  probability  of  the 
conventional  detector,  averaged  over  continuous  delays,  is  upper  bounded  by  its  average  on  the 
discrete  grid  of  time  delays  corresponding  to  the  chip  boundaries.  A  similar  result  for  the  max¬ 
imum  likelihood  detector  was  conjectured  in  [Ver  84c]  on  the  ground  that  the  argument  of  the 
Q-function  in  the  error  probability  expression  is  affine  (i.e.  translated  linear)  in  the  vector  of  delays 
in  every  cube  [n2Tc,(n2  +  l)Tc]x...x  [nj^TcitiK  +  i)Tc\.  However  this  argument  is  insufficient 
because  Ikj  ^  lk~  h'  encounter  nonlinearity,  and  dependence  upon  a  set  of  grid  boundaries 

which  do  not  correspond  to  one  delay  vector.  The  same  difficulty  arises  for  amy  detector  whose 
lAh  yggj.  performance  depends  on  crosscorrelations  other  than  those  involving  the  waveform, 
in  particular  also  for  the  decorrelating  detector.  Here  an  additional  difficulty  in  characterizing  the 
delay  dependence  of  the  error  probability  arises  because  of  the  nonlinear  operation  of  matrix  inver¬ 
sion  involved  in  the  expression  for  the  asymptotic  efficiency  of  the  limiting  decorrelating  detector. 
Probably  due  to  similar  difficulties  [Var  88]  skips  the  issue,  and  motivate  averaging  over  the  discrete 
grid  of  chip  delays  with  the  endeavor  “to  conduct  a  meaningful  comparison”  with  the  conventional 
and  optimum  receivers.  For  the  decorrelating  detector  the  following  result  holds  in  the  two-user 
case. 

Proposition  4.14:  For  a  2-user  DS-SS  environment  the  error  probability  of  the  decorrelating 
detector  averaged  over  a  continuous  delay  between  the  users  is  upper  bounded  by  its  average  over 
the  discrete  grid  of  time  delays  corresponding  to  chip  boundaries.  0 

Proof:  First  we  show  that  tliki'’')  concave  in  r,  i.e. 

>  (1  -  «r)  4i'Tc)  +  Or  .  (4.138) 

Then,  since  the  function  /(x)  =  y/x  is  concave 

\/^f(r)  >  (1  -  ar)  sJvkifTc)  Or  >/r?f((/+l)rc)  (4.139) 


121 


and,  denoting  for  simplicity 


Qr  =  Q  (-^  , 


since  the  function  Q{x)  is  convex  and  decreasing  in  x 

Qr  <  (1  —  0[r)  QlTe  +  ^rQ(^l+i)Tc'  ^  ^  ^  (^  +  l)7c)- 

Therefore  the  expected  value  of  the  error  probability  over  r  is  upper  bounded  as  follows. 

E  [Qr]  =  i:  E[Qr\re  [ITcil  +  l)rc)]]  — 

/=0 

^  ^  Qitc  +  £  \-Q{i+i)Tc  -  Qitc] 


(4.140) 


(4.141) 


(4.142) 


(4.143) 


=  TT  E  Qm  =  £[Qr\re{iTcJ  =  o,...,N,-i}]. 


(4.144) 


It  is  left  to  prove  that  T}f(T)  is  concave  in  r.  Fortunately,  in  the  two-user  case  an  explicit  expression 
for  the  asymptotic  efficiency  was  found  in  Proposition  4.10,  namely 


=  v[l-(Pl2(r)  +  P2l(r))2](l-(pi2(r)-p2i(T))2]. 


(4.145) 


Since  both  the  sum  and  the  difference  in  this  expression  are  linear  combinations  of  the  sum  re¬ 
spectively  difference  values  at  the  chip  boundaries,  after  an  obvious  change  of  variable  it  suffices  to 
show  that  the  function  of  two  variables 


f{x,y)  =  Vl  -  x2  ^/l  -  y- 

is  concave  on  its  domain  of  definition  {|a:|  <  1}  x  {[yj  <  1}.  A  necessary  and  sufficient  condition  for 
the  latter  is  that  the  Hessian  matrix  of  /(.,.)  be  nonpositive  definite  ([Horn],  p.  392).  The  Hessian 
matrix  of  /(.,.)  is 


Vi  - 
(Vl  - 

Vi  - 


y/l  — 
■\/i  —  x'^ 

iVi  -  y^)^ 


(4.146) 


which  is  nonpositive  definite  since  the  determinant  is  nonnegative  and  the  trace  is  nonpositive. 
Therefore  the  asymptotic  efficiency  in  the  two-user  case  is  a  concave  function  of  pio  and  P2l)  as 
can  also  be  seen  from  its  plot  in  Figure  22.  ■ 

The  reason  why  the  two-user  case  is  analyticaUy  easier  to  handle  than  the  general  case  is 
twofold.  First,  we  have  an  explicit  expression  for  the  asymptotic  efficiency,  which  means  that  we 


can  avoid  handling  the  complicated  expression  of  (4.133).  And  second  in  this  case  we  do  not  have 
to  worry  about  the  fact  that  the  parauneters  /j  do  not  suffice  to  specify  the  set  since  there  is 
only  one  parameter  I  to  consider.  If  rather  than  using  the  explicit  expression  for  the  asymptotic 
efficiency,  we  try  to  show  concavity  using  the  concavity  of  the  determinant  in  (4.133)  in  the  two-user 
case,  we  have  not  been  able  to  show  Proposition  4.14.  This  is  evidence  of  the  toughness  of  the 
analytic  problem  in  the  general  case. 

However  Proposition  4.14  gives  an  indication  that  its  extension  can  be  expected  to  hold  in  the 
A'-user  case.  In  order  to  substantiate  this  assertion  we  have  numerically  compared  the  average 
error  probability  of  the  limiting  decorrelating  detector  for  the  cases  of  averaging  over  chip  delays 
and  finer  subdivision  (of  course  continuous  delays  are  not  feasible  numerically),  for  a  three- user 
DS'SS  environment.  The  results  are  presented  in  the  next  section,  and  corroborate  the  expectation 
that  chip  delays  are  worse  than  continuous  delays.  We  do  not  know  of  any  counterexample. 

Finally,  it  is  shown  in  [Pur  81]  that  the  crosscorrelation  magnitudes  are  maximized  for  values 
of  r  which  are  integer  multiplas  of  Tc  (even  for  arbitrary  time-limited  chip  waveforms).  Proposition 
4.14  in  connection  with  this  fact  supports  our  intuition  that  worst-case  conditions  are  those  where 
the  crosscorrelations  are  maximized,  which  motivated  our  choice  of  baseband  analysis. 

4.3.2  Numerical  Examples 

In  the  following  examples  we  have  chosen  a  set  of  Spread- Spectrum  m-sequences  of  length 
31.  First  a  three-user  baseband  environment  where  -for  comparison  purposes  with  previous  works 
([Ger  82],  [Ver  86a])-  we  have  used  the  set  of  3  sequences  reported  in  [Gar  80],  Table  5  to  be 
optimal  with  respect  to  a  signal-to-multiple-access  interference  parameter  when  the  conventional 
detector  is  used.  To  begin  with  we  investigate  the  dependence  on  delays  of  the  performance  of  the 
decorrelating  detector  for  infinite  sequence  length.  Each  chip  interval  has  been  subdivided  into  n 
subintervals,  and  the  performance  has  been  averaged  over  the  discrete  grid  of  resulting  delays,  for 
n  =  1,5  and  10.  The  case  n  =  1  corresponds  to  the  case  of  delays  which  are  integer  multiples  of 
chip  intervals,  i.e.  the  case  we  have  discussed  in  the  previous  section.  Figure  24  shows  the  error 
probability  for  User  1,  averaged  over  the  delays  of  the  users,  for  the  different  sets  of  admissible 
delays.  We  see  that  the  error  probability  decreases  if  a  finer  subdivision  is  used,  supporting  the 
claim  that  averaging  over  chip  interval  delays  leads  to  an  upper  bound  on  error  probability.  The 
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SNRi  (dB) 


Fig.  24.  Error  probability  of  the  limiting  decorrelating  detector  for  3  users 
using  m-sequences  cf  length  31,  where  the  average  over  delays  has  been  made  for 
n  subintervals  per  chip,  a)  n=l,  b)  n=5,  c)  n=10. 


single  user  error  probability  is  also  shown  for  comparison.  Observe  the  good  performance  of  the 
decorelating  detector. 

We  have  also  computed  the  asymptotic  efficiency  for  each  of  the  (n  *  31)^  possible  delay  con¬ 
figurations.  The  resulting  approximate  probability  density  functions  for  n  =  1,5  and  10,  i.e.  for 
961,  24025  and  96100  samples,  are  shown  in  Figure  25.  They  have  been  obtained  by  subdividing 
the  interval  [0,1]  into  respectively  125,  300  and  400  bins,  and  plotting  the  probability  that  the 
asymptotic  efficiency  takes  values  in  the  corresponding  bin,  normalized  such  that  the  total  proba¬ 
bility  is  1.  The  number  of  bins  to  be  used  has  been  chosen  by  comparing  different  choices  under 
the  criterion  that  an  overly  ragged  curve  probably  means  that  there  are  too  few  points  per  bin 
to  give  a  reliable  result,  while  an  overly  smooth  curve,  which  changes  a  lot  when  the  bin  number 
is  increased,  is  too  coarse.  Therefore  some  of  the  edges  in  the  curves  shown  may  be  due  to  the 
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Fig.  25.  Histogram  of  the  asymptotic  efficiency  of  the  limiting 
decorrelating  detector  for  the  setting  of  Fig.  24.,  over  the 
ensemble  of  discretely  valued  delays,  with  n  subintervals 
per  chip,  a)  n=sl,  b)  ns=5,  c)  n=10. 


unavoidable  discretization  due  to  the  magnitude  of  the  available  sample  sizes.  However  the  bimodal 
character  of  the  p.d.f.  was  present  for  all  bin  choices  in  the  cases  b)  and  c). 

Although  these  curves  are  only  estimates  of  the  true  p.d.f.  of  the  asymptotic  efficiency  of  User 
1  in  this  communication  environment,  several  valid  observations  can  be  made.  The  first  is  that  the 
mass  of  the  p.d.f.  shifts  towards  higher  asymptotic  efficiencies  as  the  subdivision  becomes  finer, 
and  at  the  same  time  the  variance  of  the  values  decreases.  Aside  from  the  fact  that  all  asymptotic 
efficiencies  have  been  in  the  range  [.77, .999),  their  high  sample  mean  and  small  sample  standard 
deviation  is  remarkable.  The  table  in  Figure  25  shows  the  respective  values  for  n  =  1, 5  and  10. 
For  truly  continuous  delays  as  found  in  a  real  communication  environment  these  curves  indicate 
that  the  performance  will  be  superior  to  the  one  obtained  here.  Note  the  high  insensitivity  of 
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the  asymptotic  efficiency  of  the  decorrelating  detector  to  the  relative  delays,  as  measured  by  the 
small  standard  deviation  of  the  ensemble.  Also  remember  that  these  values  are  independent  of  the 
transmissions  or  energies  of  the  interferers,  in  contrast  to  the  conventional  detector. 

After  having  given  a  basis  for  averaging  over  chip  interval  delays  we  wiU  adopt  this  strategy  in 
the  following  examples,  since  it  results  in  substantial  computation  savings.  Our  adm  is  to  compare 
the  performance  of  the  decorrelating  and  conventional  detector,  for  selected  communication  envi¬ 
ronments  with  3  and  more  users.  The  computational  difficulty  using  numerical  evaluation  of  the 
average  error  probability  expression  arises  from  the  fact  that  the  performance  of  the  conventional 
detector  also  depends  on  the  transmitted  bits,  two  consecutive  of  each  interferer  corrupting  each 
bit  to  be  demodulated,  therefore  when  averaging  over  them  in  a  K  user  channel  terms 

have  to  be  averaged  for  each  set  of  delays.  This  precludes  large  values  of  K.  Of  course  for  a  real 
system  average  error  probability  is  easy  to  determine  using  a  known  transmitted  sequence. 

VVe  consider  a  baseband  environment  with  K  —  I  active  equal  energy  interferers,  whose  delay 
relative  to  each  other  is  fixed.  Figure  26,  for  K  =  3,  shows  the  1*^  user  error  probability  of  the 
conventional  receiver  versus  SNRi,  the  signal-to-background-noise  ratio  of  User  1,  for  different 
values  of  the  energy  ratio  SNRj  /  SNRi,  averaged  over  the  bit  sequences  of  the  two  interferers 
and  over  the  delay  of  User  1.  Also  shown  are  the  user  error  probability  of  the  decorrelating  detector 
for  User  1  and  the  error  probability  of  the  single  user  channel. 

From  Fig.  26  we  see  the  strong  dependence  of  the  performance  of  the  conventional  receiver 
on  the  relative  energies  of  the  active  users.  While  the  error  probability  of  the  decorrelating  de¬ 
tector  is  invariant  to  the  energy  of  interfering  users,  the  performance  of  the  conventional  receiver 
deteriorates  rapidly  for  increasing  interference,  till  for  an  energy  ratio  above  5dB  the  conventional 
receiver  becomes  practically  multiple-access  limited.  (For  a  sufficiently  high  level  of  non-orthogonal 
interference  the  error  probability  of  the  conventional  receiver  can  be  seen  to  become  irreducible. 
E.g.  in  the  two-user  synchronous  case,  for  =  (1  -I-  A)/p,  where  p  is  the  normalized 

crosscorrelation  coefficient  between  the  two  signature  signals  and  A  >  0,  the  error  probability  of 
the  conventional  receiver  tends  to  1/4  if  A  =  0  and  to  1/2  if  A  >  0  for  increasing  SNR  of  User  1). 
Note  that  if  the  energies  of  all  the  users  are  equal  the  decorrelating  detector  is  around  two  orders  of 
magnitude  better  than  the  conventional  receiver  at  10  dB.  Only  if  the  multiple-access  interference 
level  plays  a  subordinate  role  compared  to  the  background  noise  does  the  conventional  detector 
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Fig.  26.  Error  probability  of  User  1  with  2  active  equal  energy  interferers, 
each  of  energy  wj,  averaged  over  the  interfering  bit  sequences  and  over  the 
delay  of  User  1,  for  the  decorrelating  and  conventional  receiver  versus  the  SNR 
of  User  1,  for  m-sequences  of  length  31  and  different  interference  levels. 

outperform  the  decorrelating  detector,  which  pays  a  penalty  for  combatting  the  interference  in¬ 
stead  of  ignoring  it.  Similar  results  were  obtained  regardless  of  the  actual  value  of  the  relative 
delay  between  the  two  interfering  users. 

Figure  27  shows  the  same  setting  as  above,  in  the  case  K  =  6.  We  have  used  the  set  of  auto- 
optimal  m-sequences  of  length  31  found  in  [Pur  79,  Fig.  A.l],  to  be  optimal  with  respect  to  certain 
peak  and  mean-square  correlation  parameters  which  play  an  important  role  in  the  error  probability 
analysis  of  the  conventional  detector. 

Comparing  Fig.  27  with  Fig.  26  we  see  the  same  qualitative  error  probability  relation  between 
the  two  detectors,  and  again  the  strong  near-far  limitation  of  the  conventional  receiver.  Since  there 
are  more  acli've  interferers  the  performance  advantage  of  the  decorrelating  detector  in  a  near-far 
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Fig.  27.  Same  as  Fig.  10,  with  5  active  equal  energy  interferers. 


environment  is  even  more  pronounced.’  if  the  energies  of  all  the  users  are  equal  the  decorrelating 
detector  is  almost  three  orders  of  magnitude  better  than  the  conventional  receiver  at  10  dB. 

The  same  sets  of  sequences  of  Figures  26  and  27,  were  used  in  Section  3.3,  Figures  1  and  2,  to 
compare  the  error  probability  of  the  decorrelating  and  the  conventional  detector  in  the  synchronous 
case.  Note  that  the  single  error  probability  curves  are  lower  in  the  asynchronous  case. 

Finally,  Figure  28  shows  the  worst-case  probability  of  the  conventional  detector  over  the  se¬ 
quences  of  the  interfering  users,  as  given  by  (4.131),  for  K  =  10.  The  signature  sequence  set  used 
for  A'  =  6  has  been  expanded  -  without  trying  to  optimize,  as  before,  with  respect  to  the  perfor¬ 
mance  of  the  conventional  detector.  The  shown  error  probabilities  are  typical,  varying  very  little  if 
different  sets  of  delays  are  used,  because  of  the  good  crosscorrelation  properties  of  m-sequences. 

Overall  the  generated  error  probability  curves  show  the  pronounced  superiority  of  the  decor¬ 
relating  receiver  in  a  near-far  environment,  and  whenever  sufficiently  many  users  are  active  even  if 
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Fig,  28.  Worst-case  error  probability  of  User  1  w.r.t  the  bit  sequences 
of  the  interfering  users,  with  9  equal  energy  interferers. 


their  energies  are  well  below  the  energy  of  the  desired  user.  Note,  finally,  that  we  have  selected  sig¬ 
nature  sequences  which  have  emerged  in  the  literature  from  attempts  to  optimize  the  performance 
of  the  conventional  receiver.  It  would  be  interesting  to  investigate  the  possible  performance  gain  of 
using  the  decorrelating  detector  in  conjunction  with  a  set  of  signature  sequences  optimized  for  its 
use  (under  constraints  on  bandwidth  or  structure,  e.g.  as  was  done  in  the  conventional  case,  under 
the  constraint  that  the  sequences  be  maximal-length  shift-register  sequences). 
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4.4  The  one-shot  decorrelating  detector 


We  now  consider  a  one-shot  approach  to  the  decorrelating  detector  for  asynchronous  channels, 
recently  suggested  in  [Ver  88]  as  an  easier-to-compute  alternative  to  the  decorrelating  detector.  For 
each  user  the  idea  is  to  restrict  attention  to  one  bit  interval  at  a  time.  Let  us  consider  bit  0  of  User 
1.  This  bit  overlaps  with  two  consecutive  bits  of  each  other  user,  over  respectively  a  subinterval  of 
these  bit’s  durations.  Call  them  the  “left  sub-bit”  and  the  “right  sub-bit”.  Then  if  we  isolate  the 
waveform  received  during  bit  0  of  User  1,  the  two  partial  bits  corresponding  to  each  interferer  can 
be  viewed  as  two  distinct  interfering  synchronous  users,  whose  waveforms  vanish  on  each  other’s 
support  set.  This  situation  is  equivalent  to  a  (2A'  —  l)-user  synchronous  channel,  (see  Fig.  15) 
where  each  left  sub-bit  respectively  right  sub-bit  is  a  distinct  user  and  the  waveforms  are  given  by 
=  2,...,  A"},  where 

I  0,  h-ril  <  t  <  T 


0, 

Sj(t-lrj-Til), 


0  <  t  <  ki  -  nl 
h-ni  <  t  <  r. 


These  equivalent  waveforms  have  energies  {l,ej,l  -  e,,  i  =  2, ...,  A'},  where 


(4.147) 


In-nl 

=  J  {t  +  T-  \t,  -Ti\)dt  (4.148) 

0 


is  the  energy  of  the  left  sub-bit.  If  the  delays  are  continuously  valued  the  probability  that  Cj  >  0  is 
1.  However,  in  practice,  if  Cj  is  too  close  to  0,  users  1  and  i  would  be  considered  synchronous  and 
the  left  sub-bit  would  be  discarded.  The  decorrelating  detector  for  this  synchronous  (2 A'  —  l)-user 
problem  is  straightforward,  and  since  the  resulting  matrix  R  is  nonnegative  definite  the  asymptotic 
efficiency  of  User  1  will  be  strictly  positive  as  long  as  User  1  is  linearly  independent  of  the  other 
users.  This  requirement  is  stricter  than  the  LIA,  since  it  requires  that  the  received  signal  not  vanish, 
regardless  of  the  energies,  on  each  bit-interval,  whereas  the  LIA  requires  it  only  for  the  whole 
transmission  length.  However  this  constraint  is  still  mild.  In  practice  either  signature  sequences 
that  have  this  property  for  all  relative  delays  have  to  be  chosen,  or,  since  the  linearly  dependent 
case  will  occur  very  infrequently  as  a  function  of  the  relative  delays  (it  will  occur  with  probability 
0  for  continuously  valued  delays)  in  the  event  of  its  occurrence  the  conventional  detector  decisions 


can  be  used,  without  a  measurable  effect  on  error  probability.  As  an  example,  in  the  2-user  case, 
the  one-shot  matrix  R  has  the  form 

(1  P21  Pi2  \ 

P21  C2  0  (4.149) 

Pl2  0  1  -  62  / 

The  efficiency  (and  near-far  resistance)  of  the  2-user  one-shot  decorrelating  detector  is 

=  1  -  (4.150) 

62  (1-^2) 

as  can  be  checked  by  computing  .  The  first  row  of  the  decorrelating  detector  is,  up  to  a  scale 
factor, 

(1  -T«3)  (4.151) 

which  means  that  for  User  1  the  received  signal  is  correlated  with 

[  siCl)  -  ^  4(()  -  ]  .  (4.152) 

This  means  that  in  the  absence  of  noise  the  output  of  the  detector  hais  a  magnitude  of 
T 

j +  44(1)] Mt)-^ §(»)<“  =  b, 

0  ^  ' 

(4.153) 

which  results  in  an  error  probability  of  Q(y/v^/<T  \J^  —  p\il^2  ~  Pi2/(^  ~  ®2))-  We  recognize  the 
efficiency  obt^ned  in  (4.150). 

The  one-shot  decorrelating  detector  has  a  lower  complexity  than  the  decorrelating  detector 
[R(0)  -f  R^(1)2  -f-  R(1)2~^]~^,  at  the  cost  of  reduced  performance. 

Proposition  4,15:  The  near-far  resistance  of  the  one-shot  decorrelating  detector  is  upper  bounded 
by  that  of  the  limiting  decorrelating  detector.  0 

Proof:  VVe  have  established  that  for  a  given  CDMA  environment  the  decorrelating  detector  is 
the  linear  detector  with  highest,  and  moreover  optimal,  near-far  resistance.  Therefore  for  the 
synchronous  one-shot  environment  the  one-shot  decorrelating  detector  has  the  same  attributes.  The 
decision  statistic  used  by  the  full  decorrelating  detector  is  a  sufficient  statistic,  while  that  used  by 
the  one-shot  detector  is  not.  That  means  that  the  performance  achieved  by  the  maximum-likelihood 
detector  for  the  one-shot  model  is  less  or  equal  than  the  performance  of  the  maximum-likelihood 
detector  which  uses  the  sufficient  statistic.  Since  this  holds  for  all  operating  points,  in  particular  the 
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near-far  resistance  of  the  maximum-likelihood  one-shot  detector  is  less  or  equal  than  the  near-far 
resistance  of  the  optimum  multiuser  detector.  But  the  respective  optimum  near-far  resistances  are 
achieved  by  the  respective  decorrelating  detectors,  thus  establishing  Proposition  4.15.  ■ 

Corollary:  For  each  operating  point  the  efficiency  of  the  one-shot  decorrelating  detector  is  upper 
bounded  by  that  of  the  limiting  decorrelating  detector,  and  therefore  the  error  probability  of  the 
former  is  higher  or  equal  to  that  of  the  latter.  0 

The  first  part  of  the  corollary  follows  from  the  fact  that  the  efficiency  of  the  decorrelating 
detector  is  energy  independent,  and  therefore  equal  to  the  near- far  resistance.  The  second  is 
immediate  from  the  definition  of  efficiency.  Note  that  the  error  probability  of  the  decorrelating 
detector  is  a  Q-function.  It  can  be  upper  bounded  using  Proposition  3.5. 

The  traits  that  distinguish  the  one-shot  decorrelating  detector  are  its  memorylessness,  its  linear 
time- complexity  per  demodulated  bit,  the  fact  that  both  its  structure  and  its  performance  are 
independent  of  interfering  energies  and  its  near-far  resistance.  If  the  relative  performance  trade-off 
to  the  limiting  decorrelating  detector  (which  shares  all  but  the  first  property)  is  not  too  severe,  the 
simplicity  of  the  one-shot  decorrelating  detector  makes  it  an  attractive  substitute  for  the  limiting 
decorrelating  detector  in  situadons  where  receiver  complexity  is  a  limiting  factor. 

The  following  examples  illustrate  the  performance  relation  between  the  two  detectors.  We 
chose  the  same  set  of  3  sequences  used  when  comparing  the  performance  of  the  decorrelating  and 
conventional  detectors  in  Sections  3.3  and  4.3,  Figures  1  and  2.  Figures  29  and  30  show  the  average 
error  probability  of  the  one-shot  and  limiting  decorrelating  detector  for  User  1  for  a  2-  respectively 
3-  user  baseband  environment,  averaged  over  the  relative  delays,  with  10  subdivisions  per  chip. 
Note  that  the  average  error  probability  of  the  one-shot  detector  is  very  close  to  that  of  the  limiting 
decorrelating  detector.  While  there’  is  always  the  possibility  that  the  chosen  e.xamples  might  not 
be  representative,  they  encourage  further  performance  tinalysis  of  the  one-shot  detector. 

Figure  31  shows  the  efficiency  of  the  two  detectors  as  a  function  of  the  relative  delay  of  User 
1  and  2,  for  the  two-user  environment  of  Figure  29.  Ten  subintervals  per  chip  were  used  when 
discretizing  the  delay,  and  there  are  31  chips  per  sequence.  Note  that  the  efficiency  of  the  one-shot 
detector  is  always  less  or  equal  than  that  of  the  limiting  decorrelating  ’etector,  as  established  by 
Proposition  4.15.  For  some  delays  the  performances  are  equal. 
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PROBABIUTY  OF  ERROR.  PROBABILITY  OF  ERROR, 


ONE-SHOT  DECORRELATING 
DETECTOR 

DECORRELATING  DETECTOR 
SINGLE  USER  CHANNEL 


Fig.  29.  Error  probability  of  the  one-shot  and  full  decorrelating  detector 
for  2  users,  averaged  over  the  relative  delay,  with  10  subdivisions  per  chip. 


ONE-SHOT  DECORRELATING 
DETECTOR 

DECORRELATING  DETECTOR 
SINGLE  USER  CHANNEL 


Fig.  30.  Same  as  Fig.  29,  for  3  active  users. 
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EFFICIENCY, 


- DECORRELATING  DETECTOR 


ONE-SHOT  DETECTOR 


RELATIVE  DELAY  (CHIPS) 


Fig.  31.  Asymptotic  efficiency  of  the  limiting  and  of  the  one-shot  decorrelating 
detector,  as  a  function  of  the  relative  delay,  for  the  2-user 
environment  of  Fig.  29. 


5.  An  adaptive  algorithm  for  synchronous  channels  with  un¬ 
known  signature  sequences 


An  interesting  question  to  ask  is  what  the  receiver  can  do  if  it  does  not  know  all  the  modulating 
waveforms,  as  assumed  previously.  Such  a  situation  is  typical  of  a  decentralized  setting,  where  each 
receiver  is  interested  only  in  the  information  sent  by  one  user,  or  a  proper  subset  of  the  user 
population.  Then  it  is  unrealistic  to  assume  that  each  decentralized  receiver  knows  the  waveforms 
of  all  the  interfering  users.  Therefore,  in  the  sequel  we  consider  a  decentralized  DS-SS  situation 
for  which  proper  multiuser  demodulation  can  be  achieved  despite  lack  of  initial  knowledge  of  the 
interfering  waveforms,  due  to  cooperation  between  the  users  in  the  form  of  symbol  synchronism 
and  usage  of  a  common  chip  waveform.  In  this  model,  also  considered  in  [Poor  88],  the  K  users 
use  the  same  chip  waveform,  but  the  signature  sequences  of  other  users  are  unknown.  [Poor  88] 
gives  the  maximum  likelihood  receiver  for  the  general  asynchronous  case,  a  receiver  which  is  very 
complicated  for  more  than  two  users.  Here  we  consider  the  case  where  the  transmissions  are 
synchronous,  and  find  an  adaptive  steepest  descent  algorithm  which  converges  (in  the  sense  in 
which  stochastic  gradient  algorithms  converge  to  the  solution  of  the  corresponding  true  gradient 
algorithm)  to  a  detector  which  has  the  desirable  property  of  being  asymptotically  equivalent  to  the 
decorrelating  detector  as  the  signal- to-background-noise  ratio  tends  to  infinity,  while  converging  to 
the  conventional  detector  as  the  interference  level  tends  to  zero. 

The  baseband  version  of  the  normalized  modulating  waveform  of  each  user  has  the  form 


Skit) 


E  Ckn  pit-in-  l)Tc)  , 

n=l 
0  , 


1 6  [o,ivrc) 

else 


(5.1) 


where  N  and  Tc  are  the  number  of  chips  per  symbol  respectively  the  chip  duration,  equal  for  all 
users,  and  pit)  is  the  common  unit  energy  chip  waveform,  zero  outside  [0,7);).  Thus  each  user 
is  characterized  by  his  signature  sequence  c;tn  ^  {il/\/^}>  n  =  Since  the  users  are 

synchronous  a  sufficient  statistic  for  decision  on  the  transmitted  information  bit  of  each  user  is 
obtained  by  passing  the  received  waveform  through  a  filter  matched  to  the  common  chip  waveform 
and  sampling  at  the  end  of  each  chip  interval.  Thus  N  samples  are  obtained  per  symbol 

interval.  Analogously  to  the  representation  we  had  previously,  the  vector  y  E  M  of  matched  filter 
output  samples  depends  on  the  transmitted  information  vector  b  6  via 


y  =  CWb-|-n,  n~  A(0,ct-  I) 


(5.2) 
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where 


cem 


NxK  ^ 


Cll  C21 


Ciff  C2N 


i.e.  the  columns  of  C  are  the  signature  sequences  of  the  users.  As  before,  W  G  is  a  diagonal 

matrix  containing  the  square  roots  of  the  received  energies,  b  G  is  the  vector  containing  the  K 
interfering  transmitted  bits,  and  n  G  JR^  is  the  vector  of  noise  components  in  the  matched  filter 
outputs  due  to  the  white  Gaussian  background  noise,  and  has  uncorrelated  elements  because  they 
depend  on  the  noise  process  on  disjoint  time  intervals. 

If  the  matrix  C  were  known,  the  maximum  likelihood  detector  for  this  problem  would  select 


the  decisions 


h*  G  arg  min  2  y^CWb  -  b^WC^CWb 


The  case  where  C  is  not  known  is  treated  in  [Poor  88],  and  leads  to  a  detector  with  an  extremely 
complicated  structure  for  more  than  two  users.  On  the  other  hand  the  conventional  detector  for 
User  k  simply  decides  for 

N 

H  =  sgn  Vi  »  (5.5) 

n=l 

which  is  the  particularization  of  the  maximum  likelihood  detector  to  the  single  user  case.  Note  that 
the  Cjt,-,  j  =  1, . . . ,  TV  are  known  to  the  receiver  of  User  k.  In  the  following  we  derive  the  structure 
of  the  decorrelating  detector,  i.e.  the  detector  which  has  the  highest  near-far  resistance  among  all 
linear  detectors,  assuming  for  the  moment  that  the  matrix  C  is  known. 

Since  the  noise  is  spherically  symmetric  the  worst-case  user  error  probability  Pk  of  the  max¬ 
imum  likelihood  detector  is  that  of  a  binary  decision  between  the  two  closest  hypotheses  differing 


in  the  k*^  bit,  i.e. 


Pk  =  Q(-  min  i||CW(bi-b2) 

<7  i 

(bi)i9«(b2)t 


Therefore,  the  optimum  asymptotic  efficiency  is 


T/jfc  =  —  min  e^WC^CWc 

Wic 

‘*  =  1 


and  the  optimum  near-far  resistance  is  given  by 


_  ^  7^  1 

7)1.  =  min  til  =  min  x  C  Cx  =  — - - r 

^  (C^C)rl 


where  the  last  equality  was  proved  in  the  proof  of  Proposition  3.2.  and  we  have  assumed  that 
the  matrix  C^C  is  invertible,  i.e.  that  the  signature  sequences  are  linearly  independent.  A  linear 
detector  v  €  IR^  decides  for 

=  sgn  v^y  (5.9) 

and  has  an  error  probability  equal  to 


Pjt  =  P  =  1  |6fc  =  -1)  =  P  (v^n  >  -v^CWb  =  -1) .  (5.10) 


Therefore  its  asymptotic  efficiency  and  near-far  resistance  are,  respectively, 

,.2  -  1 


t,  2  ^  V^CWb, 

n?  =  max'‘  {0,  —  min  — —  } 


and 


—  2  in  ■  t 

Til  =  max^  {0,  inf  -7=»}  . 

yefi'*  V  V 
S'i  =  l 

The  optimum  near-far  resistance  achievable  by  an  energy-independent  linear  detector  is 

v^Cy 

nf  =  max^  {0,  sup  inf  . 

v€H^  vv^v 

I|v||j40  yi:=l 

Restricting  v  €  -S’,  where  5  =  {x  €  iR^|  x  =  Cz,  z  G  z  ^  0}, 

X* 

Til'  >  max^  {0,  sup  inf 

veS  yeR"^  vv^v 

yt=l 

T 

=  max^  {0,  sup  inf  ,  R  =  C^C  . 

i€R^  y€R^  VZ^Rz 
||<IM0  »*=1 


(5.11) 


(5.12) 


(5.13) 


(5.14) 

(5.15) 


But  the  last  equation  is  the  particularization  of  (4.39)  to  the  synchronous  case,  where  we  obtained 
as  a  solution  that  the  maximum  is  achieved  by  the  decorrelating  detector,  z*  =  R“^Ui,  and  that  the 
value  of  the  maximum  equals  the  near-far  resistance  77^  of  the  optimum  multiuser  detector  (Section 
4.2,  property  v)).  Therefore  from  (5.14)  >  qj,  i.e.  the  near-far  resistance  of  the  best  linear 

detector  is  lower  bounded  by  that  of  the  optimum  detector.  This  implies  that  the  inequality  in 
(5.14)  is  an  equality  and  the  optimum  linear  detector  v*  =  Cz*  lies  in  the  A' -dimensional  subspace 
spanned  by  the  signature  sequences  of  the  K  users  (this  is  because  the  information  signal  lies  in 
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this  space  and  the  receiver  does  not  gain  anything  by  correlating  with  a  component  outside  this 
space).  Therefore  the  decorrelating  detector  for  the  user  has  the  form 

V*  =  C  (C^C)-^  Ujt  .  (5.16) 

Since  the  matrix  C  is  not  known  to  the  user  decentralized  decorrelating  detector  of  (5.9),  (5.16) 
can  not  be  implemented.  However,  assuming  an  initial  training  sequence  for  the  k^^  user  (i.e.  a 
sufficiently  long  sequence  of  known  transmitted  bits),  we  will  propose  a  stochastic  gradient  algo¬ 
rithm,  which  has  the  property  that  the  true  gradient  algorithm  from  which  it  is  derived  converges 
to  a  detector  which  is  asymptotically  equivalent  to  the  decorrelating  detector  as  the  Gaussian  back¬ 
ground  noise  level  tends  to  zero,  i.e.  under  the  conditions  for  which  optimality  of  the  decorrelating 
detector  was  derived. 

First  consider  the  following  true  gradient  algorithm 

yfi+l  =  v"  -  I  ^  £  (v^y  -  bkf  lv=v"  (5-1’’) 

where 

E  (v^y  -  6jfc)2  =  (CW^C^  +  v  -  2  v^CW  Ufc  -I-  1  ,  (5.18) 

which  is  unrealizable  because  the  derivative  with  respect  to  v  depends  on  C,  which  is  unknown. 
The  expectation  is  taken  over  the  noise  and  the  bits  of  the  interfering  users.  Assuming  that  a 
bypass  to  the  difficulty  of  not  being  able  to  realize  the  expectation  can  be  found,  the  behavior  of  v 
as  a  function  of  n  is  as  follows.  Abbreviate  for  simplicity  the  N  x  N  matrix 

$  =  CW^C^-fa^I  (5.19) 

which  is  a  positive  definite  matrix,  and 

p  =  CW  Ufc  .  (5.20) 

With  this  notation  (5.18)  becomes 

£  (v^y  -  6fc)2  =  $  V  -  2  v^p  +  1  (5.21) 

=  (v  —  $“*p)^  $  (v  —  $~^p)  -f  1  -  p^$“^p  (5.22) 

which  is  a  quadratic  form  in  the  coefficient  vector  v  and  therefore  achieves  a  unique  minimum  at 

Vopt  =  ^~*P  .  (5.23) 
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From  (5.17)  the  coefficient  vector  v  of  the  true  gradient  algorithm  is  updated  according  to 

yrt-hl  -  yti  _  £  ^  fyT  $  V  -  2  v^p  +  1)  Iv-v"  (5-24) 

=  ( I  -  /3  $  )  v”  +  /3p  .  (5.25) 

To  see  that  v”  converges  to  the  minimizing  value  (5.23)  of  the  associated  cost  function,  define  the 
error  vector 

q«  =  v”  -  vopt  .  (5.26) 

Then  from  (5.25),  using  (5.23) 

qn+l  _  q«  =  (I  -  /?$)«qO  ,  (5.27) 


which  implies  that  q”  — ►  0  as  long  as 


0  <  /J  < 


2 

'^niax(^) 


(5.28) 


where  Amax  =  max{Aj|Ai  is  an  eigenvalue  of  $}.  With  this  we  have  shown  that  for  the  range  of 
13  of  (5.28)  the  coefficient  vector  of  the  true  gradient  algorithm  converges  to  v°°  =  Vopt,  or,  from 
(5.23), 

v®°  =  (CW^C^  +  cr^I)-!  CW  Ui  .  (5.29) 


It  is  intuitively  apparent  that  the  coefficient  vector  converges  to  the  value  which  minimizes  the 
chosen  cost  function  (here  the  expected  value  of  the  mean-square  output  error),  if  the  step-size  /? 
is  well  chosen,  since  the  coefficient  vector  is  adjusted  in  a  direction  opposite  to  the  gradient  of  the 
cost-function  at  each  iteration. 


The  reason  why  the  unrealizable  true  gradient  algorithm  is  interesting  for  the  multiuser  demod¬ 
ulation  problem  at  hand  will  become  clear  from  Proposition  5.1  and  the  discussion  thereafter.  Here 
we  first  address  the  realizability  issue,  in  order  to  make  clear  that  we  are  not  assuming  something 
we  want  to  obtain.  The  difficulty  we  are  facing,  namely  that  we  want  to  adjust  the  detector  such 
as  to  minimize  a  cost  function  which  depends  on  unknown  parameters,  is  a  standard  problem  in 
adaptive  filtering.  A  well-established  and  much  used  bypass  consists  in  using  a  so-called  stochastic 
gradient  instead  of  the  true  gradient.  The  corresponding  (realizable)  algorithm  is  obtained  from  the 
true  gradient  algorithm  by  dropping  the  expectation,  thus  avoiding  the  need  to  know  C.  Denote  by 
bf;{n)  the  bit  transmitted  by  User  k,  and  by  y"  the  matched  filter  output  vector  corresponding 
to  the  bits.  Let  e„  denote  the  output  error  at  each  iteration,  i.e.  Cn  =  v"^y"  -  bk{n),  which  is 
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a  random  variable.  Then  the  stochastic  gradient  algorithm  (SGA)  derived  from  the  true  gradient 
algorithm  of  (5.17)  is  the  following. 


v"+l  =  v"  -  -  —  e2  =  v"  -  /?  e„  y” 

(5.30) 

=  (I  -  H  y”y"^)  v”  +  /?  bkin)  y"  . 

(5.31) 

Since  we  assume  an  initial  training  sequence,  this  algorithm  is  realizable.  The  question  that  arises 
is  whether  the  convergence  of  the  expected  value  of  v”,  the  latter  now  being  random,  to  of 
(5.29)  is  preserved.  The  expected  value  of  the  coefficient  vector  v"  evolves  from  (5.31)  according 
to 

E  [v^+i]  =  E  [{I  -  ^  y"y’*^)  v"]  H  E  [6fc(n)  y”] 

=  [l  -  HE  [yV”^])  E  [v«]  ^  he  [6t(n)  y”] 

=  (!-/?$)£  [v”]  +  /?  p 

which  implies  that  the  expected  value  of  the  error  vector  tends  to  zero  since 

E  [q”+^]  =  (I  -  H^)  E  (q"]  =  (I  -  H^TE  [q")  ,  (5.35) 

similarly  to  (5.27).  Equation  (5.33)  makes  use  of  the  independence  of  the  vectors  v"  and  y”,  which 
holds  since  v”  only  depends  on  the  past  values  of  y”,  which  are  independent  of  the  present  due 
to  synchronism.  This  independence  is  crucizJ  for  the  convergence  analysis  of  the  SGA,  and  while 
it  is  given  in  the  problem  at  hand,  this  is  not  the  case  in  most  applications.  Nevertheless  the 
independence  assumption  is  made  in  the  above  references,  though  the  authors  elaborate  on  both  its 
necessity  and  its  inaccuracy.  The  present  problem  is  noteworthy  in  this  respect  for  the  fact  that 
the  independence  assumption  is  true. 

Aj'other  convergence  measure  of  interest  for  an  adaptive  algorithm  is  the  decrease  in  time 
of  the  output  error  (this  is  usually  done  via  a  mean-squared  error  analysis).  In  the  literature 
the  convergence  of  the  output  mean-square  error  of  the  SGA  has  been  much  studied,  although  a 
rigorous  analysis  has  apparently  not  yet  been  given  (cf.  [Hon,  pg  247]).  [Hon,  7.1]  or  [Ben,  8.2.3] 
give  a  convergence  analysis  of  the  output  mean  squared  error  for  a  SGA  of  the  form  of  (5.31),  under 
certain  approximations.  We  showed  via  the  proof  of  convergence  of  the  mean  coefficient  value  that 
the  problem  at  hand  is  better  behaved  than  the  problem  treated  in  the  references,  while  allowing 
for  an  analogous  solution. 


(5.32) 

(5.33) 

(5.34) 
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In  the  above  references  it  is  obtained  that  the  minimum  mean-square  error  of  the  SGA  is  higher 
than  that  of  the  true  gradient  algorithm,  due  to  the  statistical  fluctuation  of  the  filter  coefficients. 
More  precisely,  if  Eniin  is  the  residual  mean-square  error  of  the  true  gradient  algorithm,  which  can 
be  seen  to  equal  1  —  by  inserting  (5.23)  into  (5.22),  then  the  excess  mean-square  error 

of  the  SGA  is  shown  to  converge  to 

N 

0  ,E  A. 

^  (5.36) 

2-/9  E  A. 

i=l 

as  long  as  /3  is  in  the  range 

0  <  /?  <  - ^ -  .  (5.37) 

+  E 

This  condition  on  /3  is  stricter  than  the  one  in  (5.28),  since 

N  N  N 

Am«($)  <  =  E  =  ^(CW^C^  +  cT^I)., 

«=1  is=l  t=l 

=  +  E  E  +  E 

1=1  fc=l  ib=l 

Despite  the  longstanding  want  of  analytical  results  which  do  not  make  use  of  approximations, 
the  convergence  of  the  SGA  is  a  well-investigated  issue.  The  SGA  is  widely  used  in  practice  and 
versions  with  good  convergence  properties  are  well  established.  Therefore,  we  feel  we  are  reducing 
the  problem  we  are  examining  to  a  known  problem,  if  we  reduce  it  to  a  solution  in  terms  of  the 
true  gradient  algorithm  of  (5.17),  and  propose  use  of  the  stochastic  gradient  modification  in  its 
implementation.  (For  the  sake  of  completeness,  the  existence  of  other  modifications  should  be 
mentioned,  e.g.  time-averaging  to  substitute  the  expectation  in  (5.17)).  In  the  following  result, 
we  show  that  the  true  gradient  algorithm  has  the  property  that  the  coefficient  vector  converges 
to  the  decorrelating  detector  in  the  limit  of  <t  -+  0,  and  converges  to  the  conventional  detector 
in  the  opposite  case,  when  the  power  of  the  multiuser  interference  goes  to  zero.  While  the  first 
property  was  what  we  were  looking  for,  the  second  one  is  equally  desirable,  as  will  be  explained  in 
the  subsequent  discussion. 


Proposition  5.1  : 


lim  v°°  = 

j--‘G 

(5.39) 

II 

8 

> 

Cu. 

(5.40) 

i.e.,  up  to  a  scale  factor  the  true  gradient  algorithm  of  (5.17)  converges  to  the  decorrelating  detector 
as  the  Gaussian  background  noise  level  goes  to  zero,  and  converges  to  the  optimum  single-user 


detector  as  the  power  of  the  multiuser  interference  goes  to  zero.  ^ 

Note  that  since  a  sign  decision  is  taken,  scale  factors  do  not  matter. 

Proof  :  We  first  show  that,  from  (5.29), 

v°°  =  {CW-C^  -i-  aH)-^  CW  uk  (5.41) 

=  -L=  C  (C^C  -I-  Ujb  .  (5.42) 

To  show  (5.42)  we  use  the  matrix  inversion  lemma  (e.g.  [Hay]),  which  says  that  for  two  positive 
definite  matrices  B  and  D 

(B-^  -I-  CD-^C^)-^  =  B  -  BC(D  +  C^BC)-^C^B  .  (5.43) 

Using  this  lemma 

(W-'  +  ;4c^C)-'  C^l  CW  ufc  (5.44) 

<7  <T  <T 

^[CW  Uik  -  C  (CT^W-^  -i-  C^C)~^(C^C  +  a2w-2  -  <T2w-2)Wuit]  (5.45) 

C  (C^C  -h  a2w-2)-i  Ufc  .  (5.46) 

From  here  (5.39)  follows  directly  by  taking  letting  cr  —►  0  in  (5.46),  and  (5.40)  follows  by  letting 
^  A:  in  (5.41),  and  noticing  that 

lim^  CW^C^  =  diag  [xj\xj  =  0,  j  ^  k,  xj^  =  Wh/N)  .  (5-47) 


Returning  to  the  true  gradient  algorithm,  the  decision  statistic  after  convergence  of  the  tap 
weights  is 

T  /t2  .t.  ~  .  T 

(5.48) 


y  =  - ^  uT  (C^C  -I-  (T2w--)-‘W-ib  -I-  v°°’’n 

y/wl 
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and  the  resulting  mean-squared  error  is  ^ven  by 


E  -  6fc)2  =  (C^C  -h  (T^W-^)kk  ■  (5.49) 

Hence  unless  the  inverse  is  very  ill  behaved,  the  mean-squared  error  is  very  small  in  the  high  SNR 
region  and  will  matter  very  little  above  a  certain  SNR  level,  the  more  so  since  we  are  only  interested 
in  the  sign  of  v°°  y.  To  estimate  the  deviation  of  (C^C  -|-  from  (C^C)~^  we  expand 

the  former  as 


(C^  C  -I-  =  ((C^C)  (I  +  (t'\C^  C)-^W-'^) 


53  [-(c^c)-^  W-2]'  (C^C)-^ 

i=0 


(5.50) 


which  is  possible  iff  the  spectral  radiuc  of  the  matrix  (C^C)~^  is  less  than  1  ([Ben,  p.  587], 

[Horn,  5.8]),  which  is  satisfied  if  the  SNR  is  high  enough.  The  first  term  in  the  above  series  is  the 
desired  term.  From  here  the  error  can  be  estimated  as  in  [Horn,  5.8],  to  obtain 


||(C^C)-1  -  (C^C  -H  a2w-2)~i||  ^  K  11  tT2w-2  11  /  11  c^c  11 

iRcTcFij  -  1  _  K  11  (r2W-2  11  /  11  c^’c  11 


(5.51) 


/  U'l 


min 


Amin  (C^'C)  -  (r2  / 


(5.52) 


mm 


as  long  as  (t2  <  tnmin  HC^CH,  when  ||  .  ||  denotes  the  spectral  norm.  In  this  case  k  = 
Amax(C^C)/Anii„  (C^C),  HC^CH  =  Aroax(C^C)  and  11<72w-2ii  =  (T2/u;n,i„,  and  (5.52)  results. 
Hence,  as  long  as  Amin  (C^C)  is  sufficiently  large,  the  relative  error  is  of  the  order  of  the  inverse  of 
the  smallest  SNR  ratio.  A  similar  analysis  can  be  carried  out  for  the  deviation  from  the  conventional 
detector. 


Discussion:  The  mathematical  relation  between  the  unrealizable  gradient  algorithm  of  (5.17)  and 
its  realizable  stochastic  modification  according  to  (5.31)  are  well-known,  and  there  is  much  evidence 
that  the  average  behavior  of  the  stochastic  algorithm  is  such  that  if  the  step  size  /3  is  appropriately 
chosen,  the  function  of  the  desired  unrealizable  algorithm  can  be  closely  approximated.  The  un¬ 
realizable  detector  of  (5.19)  was  seen  to  converge  to  the  decorrelating  detector  in  the  limit  as  the 
Gaussian  background  noise  level  goes  to  zero,  and  to  deviate  little  from  it  in  the  high  SNR  region. 
This  is  desirable,  since  in  this  region  the  multiuser  interference  is  the  main  impairment  on  the 
common  channel,  and  the  decorrelating  detector  is  the  detector  which  eliminates  this  interference. 


However  we  have  seen  in  Figures  1  and  2  for  the  synchronous  case  and  Figures  26,  27,  28  for  the 
asynchronous  case,  that  the  conventional  detector  performs  better  than  the  decorrelating  detector 
it  the  multiuser  interference  is  very  low.  This  is  because  the  conventional  detector  is  not  penalized 
in  this  region  for  ignoring  the  interference  from  other  users,  whereas  the  decorrelating  detector 
eliminates  this  small  interference  at  the  expense  of  enhancing  the  background  noise,  which  in  this 
region  is  the  main  distorting  factor.  Therefore,  the  property  of  the  detector  to  converge  to  the 
conventional  detector  in  this  region  is  desirable. 

For  these  reasons,  inasmuch  as  the  true  gradient  algorithm  can  be  approximated  satisfactorily 
by  the  SGA  or  an  equivalent  modification,  we  have  obtained  a  detector  which  has  the  capability 
of  adapting  to  the  dominant  cause  of  channel  distortion  in  the  limit  as  one  single  effect  (multiuser 
interference  respectively  background  noise)  predominates.  We  conjecture  that  the  compromise 
achieved  by  (5.42)  in  the  region  where  no  single  factor  significantly  outweighs  the  other  is  a  good 
demodulation  strategy  for  an  operating  region  where  both  distortion  causes  are  of  comparable 
magnitude. 

It  would  be  interesting  to  find  an  equivalent  adaptive  algorithm  which  does  not  require  an 
initial  training  sequence  (“blind  adaptation”).  Previous  research  on  the  subjec'  has  not  been 
successful.  Since  the  decorrelating  detector  effectively  inverts  the  channel  transfer  function,  the 
following  citation  from  [Ver  84b]  is  pertinent  to  this  problem:  “no  such  function  is  known  to  result  j 

in  global  convergence  to  the  inverse  of  the  channel  when  the  input  consists  of  binary  data”.  i 
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6.  Conclusions 


The  main  contribution  of  this  thesis  is  to  have  shown  that  the  near-far  resistance  of  optimum 
multiuser  detection  of  Code-Division  multiplexed  signals  in  white  Gaussian  channels  can  be  achieved 
by  linear  detectors,  thus  providing  an  effective  remedy  to  the  well-known  near-far  problem,  which 
-  in  contrast  to  the  maximum  likelihood  detector  -  is  implementable  even  for  a  large  number  of 
users.  This  is  possible  due  to  the  fact  that  the  asymptotic  efficiency  functional  of  linear  multiuser 
detection  hsis  a  saddle  point,  and  the  near- far  resistance  of  the  optimum  multiuser  receiver  can  be 
written  as  that  of  a  variable  linear  receiver  which  is  optimally  suited  for  the  respective  operating 
point.  Making  use  of  the  aforementioned  saddle-point  property  the  optimum  near- far  resistance  is 
equal  to  the  highest  near-far  resistance  achievable  by  a  (fixed)  linear  receiver.  This  receiver  is  then 
found  explicitly.  Thus  there  exists  a  linear  detector  which  does  not  exhibit  the  main  limitation  of 
the  conventional  single-user  detector  used  in  practice,  which  occurs  even  if  signals  with  very  low 
crosscorrelations  are  assigned  to  the  users,  namely  the  near-far  problem. 

We  considered  both  the  synchronous  and  the  asynchronous  CDMA  channel  shared  by  simulta¬ 
neous  users;  they  use  the  same  bit  duration  T  when  transmitting  and  have  made  their  respective 
signature  sequences  common  knowledge.  This  setting  is  the  same  as  that  in  [Ver  86a],  [Ver  86b], 
where  the  maximum-likelihood  multiuser  detector  was  derived.  In  a  system  where  this  knowledge 
is  restricted,  the  presented  results  predict  significant  performance  improvement  if  the  signature 
sequences  of  the  more  powerful  interferers  are  known  to  each  user’s  receiver. 

For  the  aspnc/ironous  chajinel  we  derived  the  near-far  optimum  linear  receiver,  the  decorrelating 
detector,  which  does  not  have  the  near-far  problem  of  the  conventional  single-user  receiver  and, 
it  turns  out,  of  any  energy-independent  linear  receiver  except  the  decorrelating  one.  Its  structure 
is  that  of  an  inverse  to  the  equivalent  transfer  function  between  transmitter  and  receiver,  such 
that  the  users  are  decoupled  before  the  sign  decision.  Obviously  then,  since  each  user’s  decision 
statistic  is  now  independent  of  other  users  transmissions,  even  very  powerful  interference  can  oe 
combatted,  evidently  as  long  as  the  synchronization  and  carrier  phase  acquisition  mechanisms  of 
the  weak  user’s  receiver  do  not  fail.  The  price  paid  for  eliminating  the  multiuser  interference  is 
an  increcise  in  the  variance  of  the  Gaussian  background  noise,  which  is  also  the  reason  why  the 
decorrelating  detector  is  not  the  optimum  multiuser  detector.  This  means  that  in  applications  a 
decision  first  has  to  be  made  as  to  whether  the  background  noise  or  the  multiuser  interference  is 
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the  dominating  factor.  In  the  first  case  the  single-user  detector  should  be  used,  in  the  second  the 
d-'correlating  detector. 

Three  properties  make  the  decorrelating  detector  particularly  attractive  in  near-far  environ¬ 
ments  with  a  large  number  of  users:  its  linear  time-complexity  per  demodulated  bit,  the  fact  that 
its  implementation  does  not  require  knowledge  of  the  received  energies,  and  the  desirable  attributes 
of  its  bit-error  rate,  namely  that  it  is  independent  of  received  ener^es  and  that  it  offers  the  same 
degree  of  near-far  resistance  as  the  optimum  multiuser  detector. 

We  gave  conditions  for  existence  of  the  decorrelating  detector  and  showed  that  for  continuous, 
independent  delays  -  the  usual  conditions  in  a  completely  asynchronous  channel  -  these  conditions 
are  satisfied  almost  surely.  Also,  the  decorrelating  detector  does  not  exist  if  and  only  if  the  optimum 
multiuser  near-far  resistance  is  zero. 

In  a  multiuser  environment  where  K  users  transmit  .V-bit  sequences,  the  decorrelating  detector 
was  described  as  the  inverse  of  an  N K  *  N K  equivalent  synchronous  system  matrix.  In  this  case 
the  receiver  is  the  near-far  optimum  linear  combination  of  the  front-end  matched  filter  outputs, 
i.e.  is  a  new  matched  filter,  matched  to  the  multiuser  environment.  It  was  shown  that  as  the 
transmitted  sequence  length  tends  to  infinity  the  decorrelating  detector  tends  to  a  time  invariant 
linear  filter  which  is  stable  and  noncausal.  Since  the  filter  is  stable  the  noncausal  part  of  the  impulse 
response  can  be  truncated  in  practice  after  a  suitable  delay,  to  the  desired  degree  of  accuracy.  In 
applications  where  each  receiver  is  interested  in  demodulating  the  information  transmitted  by  only 
one  user,  it  is  easy  to  decentralize  the  A^-user  decorrelating  receiver  since  it  can  be  implemented 
as  K  separate  (continuous-time)  single-input  (discrete-time)  single-output  filters.  Each  of  those 
filters  can  be  viewed  as  a  modification  of  the  conventional  single-user  matched  filter,  where  instead 
of  correlating  the  channel  output  with  the  signature  waveform  of  the  user  of  interest,  we  use  its 
projection  on  the  subspace  orthogonal  to  the  space  spanned  by  the  interfering  signals.  Here  a 
comment  is  appropriate:  if  the  filter  is  actually  an  approximation  to  the  decorrelating  receiver, 
due  to,  for  example,  finite  accuracy  in  the  computation  of  the  crosscorrelations  or  truncation  of 
the  impulse  response,  it  will  no  longer  be  orthogonal  to  the  subspace  of  the  interfering  signals  and 
therefore  it  will  not  be  near-far  resistant  in  the  worst-case  sense  adopted  in  this  work.  However,  for 
practical  purposes  we  do  not  need  near-far  resistance  with  respect  to  a//  possible  interfering  energies 
-  even  after  the  sync  and  acquisition  mechanisms  of  the  weak  user  have  long  failed  -  but  rather  with 
respect  to  a  region  of  interfering  energies,  e.g.,  dictated  by  the  signal  processing  front-end.  Since 
decorrelating  corresponds  to  a  projection  orthogonal  to  the  multiuser  interference,  and  truncation 
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effects  a  tilt  in  the  projection  plane,  by  truncating  appropriately  far  the  effect  on  the  bit  error 
rate  can  be  made  arbitrarily  small,  preserving  near-far  resiacance  with  respect  to  the  desired  energy 
range. 

A  general  expression  as  well  as  a  lower  bound  for  the  asymptotic  efficiency  achieved  by  the 
limiting  decorrelating  detector  were  given.  Since  the  asymptotic  efficiency  of  the  decorrelating 
detector  is  a  nonincreasing  function  in  the  number  of  users,  it  would  be  beneficial  to  investigate 
a  practical  implementation  where  the  size  of  the  filter  is  modified  to  take  into  account  only  the 
subset  of  active  users,  which  could  be  significantly  smaller  than  the  total  user  population. 

Computation  of  the  transfer  function  of  the  limiting  decorrelating  detector  for  K  users  involves 
inverting  a  K  by  K  matrix  whose  elements  are  monomials  in  z  respectively  z~^.  This  is  due  to 
the  memory  involved  in  the  observed  multiuser  process.  As  proposed  in  [Ver  88],  a  simple  though 
clearly  suboptimal  way  to  get  around  this  difficulty  is  to  take  a  one-shot  approach,  where  the 
user  receiver  considers  the  received  process  during  each  symbol  interval  of  User  k  independently 
of  all  the  rest,  as  if  it  had  resulted  from  a  synchronous  process  where  the  two  interfering  bits  of 
each  asynchronous  user  are  viewed  as  coming  from  two  different  synchronous  users  with  smaller  en¬ 
ergy.  We  have  investigated  using  this  simple  model  and  incorporating  the  decorrelating  philosophy 
to  ensure  near-far  resistance,  and  have  shown  that  the  performance  of  the  one-shot  decorrelating 
detector  is  upper  bounded  by  that  of  the  limiting  decorrelating  detector  for  each  operating  point. 
The  performance  results  obtained  for  a  tw’o-  and  three-user  example  yielded  only  a  small  perfor¬ 
mance  reduction  compared  to  the  decorrelating  detector,  and  motivate  consideration  in  practical 
situations  of  the  computationally  much  simpler  one-shot  approach. 

The  previous  results  can  be  particularized  to  the  synchronous  channel.  For  the  latter  case 
the  best  linear  detector  has  been  derived,  as  a  function  of  the  received  energies,  for  comparison 
purposes  with  the  decorrelating  detector.  One  interesting  result  we  obtained  is  that  there  is  a 
region  of  energies  and  crosscorrelations  where  the  best  linear  detector  achieves  the  asymptotic 
efficiency  of  the  optimum  multiuser  detector,  while  in  another  such  region  it  coincides  with  the 
decorrelating  detector.  Other  precise  analytic  results  were  not  feasible.  The  worst-case  complexity 
of  the  algorithm  obtained  in  order  to  find  the  best  linear  detector  is  exponential  in  the  number  of 
users.  In  a  fixed-energy  environment  this  computation  needs  to  be  carried  out  only  once,  hence 
the  real-time  time- complexity  per  bit  is  linear,  in  contrast  to  the  optimum  multiuser  detector. 
Nevertheless,  this  feature  and  the  energy  dependence  of  both  its  structure  and  its  performance 
penalize  the  best  linear  detector  in  comparison  with  the  decorrelating  detector.  The  only  requisite 
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necessary  for  the  signal  of  a  user  to  be  detected  reliably  by  the  decorrelating  detector  regardless 
of  the  level  of  multiple-access  interference,  is  that  it  does  not  belong  to  the  subspace  spanned  by 
the  other  signals  -  a  very  mild  constraint  that  should  be  compared  to  the  condition  necessary  for 
reliable  detection  by  the  conventional  single-user  detector,  i.e.  that  the  signal  is  orthogonal  to  all 
the  other  signals. 

An  iterative  decision-feedback  scheme  has  been  proposed,  with  the  decorrelating  detector  in 
the  first  stage  to  ensure  near-far  resistant  initial  decisions.  Previous-stage  decisions  on  the  bits 
transmitted  by  the  other  users  are  used  to  obtain  estimates  of  the  noise  components  in  the 
decision  statistic  for  all  j  ^  k,  then  the  correlation  of  the  noise  components  is  exploited  to  obtain 
and  then  subtract  an  estimate  of  the  noise  component.  Lower  bounds  on  the  second-stage 
asymptotic  efficiency  and  near-far  resistance  of  this  scheme  have  been  obtained  and  it  has  been 
shown  that  unit  asymptotic  efficiency  can  be  achieved  in  a  given  energy  range.  Conditions  of  the 
received  energies  have  been  given  to  ensure  a  performance  improvement  over  the  decorrelating 
detector.  The  scheme  is  no  longer  energy  independent,  and  an  example  illustrated  that  there 
is  a  range  of  energies  where  feedback  can  decrease  performance,  due  to  the  fact  that  for  that 
specific  parameter  range  the  obtained  estimates  may  not  be  reliable  enough.  However  near-far 
resistance  was  shown  to  be  preserved.  The  benefits  of  partial  feedback  of  previous  decisions  were 
investigated,  where  feedback  from  unreliable  users  is  omitted,  and  an  algorithm  was  given  which 
finds  the  best  feedback  set.  A  special  case  thereof  is  the  empty  set,  which  corresponds  to  just  the 
decorrelating  detector.  The  use  of  this  algorithm  guarantees  optimum  near-far  resistance,  together 
with  an  asymptotic  efficiency  which  is  lower  bounded  by  that  of  the  decorrelating  detector.  The 
only  additional  feature  required  by  this  algorithm  is  estimation  of  the  operational  energy  range. 
An  example  showed  that  performance  can  be  significantly  increased  in  this  way. 

Finally,  the  situation  has  been  considered  when  the  receiver  for  each  user  has  no  knowledge  of 
the  modulating  waveforms  of  the  other  users,  a  situation  which  is  typical  for  decentralized  reception. 
For  the  special  case  of  a  synchronous  channel  and  DS-SS  signaling  with  common  chip  waveform 
but  unknown  signature  sequences,  an  adaptive  algorithm  has  been  found,  which  uses  a  training 
sequence  and  converges  to  a  detector  which  adapts  to  the  communication  impairment  situation  on 
the  channel.  Namely,  in  the  low  background  noise  region  it  approaches  the  decorrelating  detector, 
while  in  the  low  multiuser  interference  region  it  approaches  the  conventional  detector,  each  being 
the  detector  of  choice  under  the  corresponding  conditions.  An  interesting  question  for  further 


148 


work  is  whether  an  equivalent  scheme  can  be  found  for  the  asynchronous  channel,  and/or  without 
knowledge  of  an  initial  training  sequence  (i.e.,  blind  adaptation). 
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